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Lecture 1: Basics of graph learning, GNNs, and notions of
expressivity



Part |: Basics of Graph Learning

e What are we learning: Properties of graph structured data

e Constraints on learning: Invariants that any learned function must obey (e.g.,
permutation invariance).

e What is the model: Graph Neural Networks (GNNs) — built to satisfy these
invariants.



e We work with finite undirected graphs whose nodes carry labels.
e Let X be a set. An X-labeled graph is a triple

G =(N,E,g),

where N is a finite set of nodes, E C N x N is the edge (symmetric, antireflexive)
relation, and

g:N— X
assigns a label to each node.

e The map g is the node-labeling function. If X = RY, then g is also called a
feature map.

e We write G[X] for the class of all finite X-labeled undirected graphs.
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Basic graph concepts

Let G = (N, E, g) be an X-labeled graph.

e For n € N, the neighbourhood of n is
E(n):={me N |(n,m) € E}.
e The corresponding degree is
deg(n) = [E(n)|.

e A pointed graph is a pair (G, n), where n € N.



Graph learning tasks

e A node-level task predicts a property of each node:
n +— label of n,

e.g., classifying users in a social network.
e An edge-level task predicts a property of a pair of nodes:

(m, n) — label of (m, n),

such as whether an edge exists (link prediction) or its type (edge classification).
e A graph-level task predicts a property of the whole graph:

G > label of G,

e.g., predicting a molecule’s toxicity.
e In these lectures, we mainly focus on node classifiers mapping nodes to a finite set
of labels.



Constraints on graph learning

e In graph learning, we want to learn properties of graphs that should not depend
on their representation.
e Intuitively: If two graphs look the same they should be treated the same!

e Example: Leader selection

o In an odd linear path o—o—o——o0——o, which nodes could be selected as leaders?
o In a cycle

which node set could be selected?



Constraints on graph learning

e In graph learning, we want to learn properties of graphs that should not depend
on their representation.
e Intuitively: If two graphs look the same they should be treated the same!

e Example: Leader selection

o In an odd linear path o—o—e——o0——o0, only the middle node can be distinguished
from all others.
o In a cycle

which node set could be selected?



Constraints on graph learning

e In graph learning, we want to learn properties of graphs that should not depend
on their representation.

e Intuitively: If two graphs look the same they should be treated the same!

e Example: Leader selection

o In an odd linear path o—o—o—0—o,
o In a cycle

only two sets—empty set and all nodes—can be distinguished.
o Why? Each node looks the identical from the node's perspective (automorphisms)!



Invariance: The formal notion capturing the constraints on graph learning

e Computations on graphs should not depend on arbitrary choices of representation.

o In particular, node identifiers and the storage order of nodes or edges should not
affect the result.
o Graph isomorphisms formalize when two representations describe the same labeled

graph.
e A graph-level function should assign the same value to isomorphic graphs.
o This is called invariance.
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Equivalence relations

Graph learning deals with multiple notions of similarity captured by an equivalence
relation.
A binary relation ~C G[X] x G[X] on labelled graphs is an equivalence relation, if
it is

o reflexive: G ~ G for all labelled graphs G € G[X],

o symmetric: if G ~ G’ then G’ ~ G, and

o transitive: if G; ~ G, and G, ~ G3 then G; ~ Gs.

Examples of equivalence relations: equality, equicardinality, graph isomorphism.

Equivalence relation for pointed graphs (or any base set) is defined analogously.
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Graph isomorphisms

Let G = (N,E,g) and G' = (N', E’, g’) be X-labeled graphs.
e An isomorphism f: G — G’ is a bijection f: N — N’ such that, for all m,n € N,

(m,n) € E < (f(m), f(n)) € E',

and, for all n € N,
g'(f(n)) = g(n).

An isomorphism preserves both the edge structure and the node labels.

We write G = G’ if there exists an isomorphism between G and G’.

~ /

Analogously, (G, n) = (G’, ") for pointed graphs, for which f(n) = n'.

Easy to check that = is an equivalence relation on labelled graphs.
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Graph isomorphism: Example

€9 C2
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Graph invariants

Let Y be a set, ~g be an equivalence relation on labelled graphs, and ~; be an
equivalence relation on labelled pointed graphs.
e A ~g-invariant is a function £: G[X] — Y such that

§(6) =¢(6),

whenever G ~q G’.
e A ~j-invariant assigns to every graph G = (N, E, g) a function

(e N—=Y
that is invariant under ~1; that is

€c(n) =&er(n'),

whenever (G, n) ~1 (G', n').
e When ~q and ~; refer to graph isomorphism, we obtain the concepts of graph

invariants and node invariants.
14



Graph invariants: examples

Let G = (N, E, g) be an X-labeled graph.

e Examples of graph-level invariants are
G N, G—IE, G {{g(n)|neN}}.

where {{ }} denotes a multiset or bag.

e Examples of node-level invariants are
n — deg(n) n— g(n).

e Non-examples are quantities depending on node identifiers or on the order in
which nodes are stored.

e A cycle of length n has only two node-level invariants £: N — B:
select all and select none.
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The graph learning setting

e In graph learning, we are given training data consisting of graphs and target labels.

e For a graph-level task, the training data has the form

(leyl)v .. '7(Gfﬂyr)7

where y; is the target label for the graph G;.
e For a node-level task, the training data has the form

((le ’71),)/1), sy ((G,, nr)a)/r)y

where y; is the target label for the graph G; and node n; € N;.

e The goal is to predict labels for new graphs or new nodes.
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Why graph neural networks?

e Graph learning is not ordinary vector learning: the same graph can be represented
using many different node orders.

e |earned functions should be invariant.

e Graph neural networks are designed so that these constraints are built into the
architecture.

e They compute node representations by repeatedly combining
the current representation of a node with representations of its neighbours.

e This gives a principled model for learning from node labels/features together with
graph structure.

17



What is learned?

e As we will see graph neural networks (GNN) contain parameters, denoted by 6.

e These are typically weights and biases of neural networks used inside the GNN
layers.

e The graph itself is not learned: the nodes, edges, and input features are the data.
e Training chooses 6 by minimizing a loss function on the training data.

e |n expressivity theory, we ask a different question: which functions can be
represented by some choice of parameters?
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The basic idea of message passing

e Each node starts with an initial feature vector.

e If initial labels are not in RY, then an initial encoding is needed. For example, a
one-hot encoding of discrete labels.

e In each layer, every node collects information from its neighbours.
e This neighbour information is combined with the node’s current feature.
o After /¢ layers, the feature of a node depends on information up to distance /.

e Thus, GNNs compute learned node representations, and possibly graph
representations.
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Graph Neural Networks: A single layer

e A GNN is built from layers.
o A layer Ly maps an RP-labeled graph

G=(N,E,g)

to an R9-labeled graph
Lo(G) = (N, E.g’).
e The nodes and edges stay fixed; only the node features are updated.
e For n € N, the updated feature is

g'(n) = Comby (g(n), Aggs ({{g(m) | m € E(n)}})).

Here,
Aggg: M(RP) = R",  Comby: RP x R" — RY,

M(IRP) is the set of finite multisets of elements of the set R”.
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Aggregate—Combine GNNs (AC-GNNs)

e The name AC refers to the two steps in one message-passing layer:
Aggregate neighbour features +  Combine with own feature.

e Forne N:

g/(n) = Comby (g(n), Agge ({{g(m) | m € E(N)}})) .

Aggregate

Combine

e Thus an AC layer first summarizes the neighbourhood of n, then updates the
feature of n using this summary.
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Graph Neural Networks: stacking layers

e A GNN consists of layers
L L L),
e Given an input graph
Go = (N, E, ), go: N — RP
the layers recursively define

Gi = (N,E,g) := Ly (Gi_1)

fori=1,...,¢.
e The output dimension of Lg,) must match the input dimension of Lg’jll).

e The final node representation is

n— gy(n).
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Graph Neural Networks: readout

e For node-level tasks, the output is computed from the final node features:
n — gu(n).
e For graph-level tasks, one adds a readout function
ReadOutg: M(RP*) — RY.
e The graph-level output is
ReadOutg ({{ge(n) | n € N}}).

e For classification, the real-valued output is mapped to a finite label set
Y ={1,...,q}, for example by

Classify(z) = arg max z;, z e RY.
ieY
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Training a GNN

e A GNN with parameters @ defines a prediction function Fp.
e Given graph-level training data

(G17Y1)7 .. ~7(Gr,)/r),

the parameters are chosen by minimizing an empirical loss
1 r
min — L(Fe(Gj), ;).
i rjE_l ( 0(G;) yj)

e The learned function should generalize to graphs not seen during training.

e In the rest of the lecture, we abstract away from training and focus on expressive
power.
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GNN layers are invariant

Let G=(N,E,g) and G' = (N, E’, g’) be isomorphic via f: G — G'.
e Since f preserves edges,

e Since f preserves labels,
g'(f(m)) = g(m).

e Therefore the multisets of neighbour features agree:

{{g(m) [ me E(n)}} = {{g'(m") | m' € E'(f(n))}}.

e Hence every message-passing layer is node-invariant.
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Simple AC-GNN layers

A common special case:
e Uses sum aggregation for Agg;
e Use feedforward neural networks for Comb.

e At layer i, the update is
gi(n) = f; (gi—l(”) | Z gi—l(m)>~
meE(n)

e Here x | y denotes vector concatenation and f; is a feedforward neural network
(FNN).
e This type of GNNs will be used later in these lectures.
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Feedforward neural networks

e An FNN is a function f : R* — R/ built by composing layers of the form
z— o(Wz + b),

where W is a weight matrix, b a bias vector, and ¢ a (non-linear) activation
function applied component-wise.

e A network with L layers computes
f(X) = O’L(WL ULfl(- . ~01(W1X + bl) e ) + bL).
e Typical choices for o: Rel.U, sigmoid, tanh; the output layer often has no

activation (or a task-specific one).
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Boolean graph properties

Let B := {0, 1}.

e A Boolean graph property is a graph invariant
P: G[X] — B.

o Examples:

P.ea(G iff G contains a red node,

(
Pred—blue(G iff some red node has a blue neighbour.

(G

(

G

Peonn iff G is connected,

Il
e T

~— — ~— ~—
I

Pa iff G contains a triangle.
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Node classifiers

Let B := {0, 1}.

e A node classifier is a label transformer
C: G[X] — G[B].
e Thus, for every input graph G = (N, E, g),
C(G)=(N,E,cg), cc: N — B.
e Equivalently, C selects a set of nodes

Ce:={ne N|cs(n) =1}

29



Node classifiers: examples

Gea(Gm) =1 > g(n) = red,
Goluenbr(G,n) =1 <= dm € E(n): g(m) = blue,
Creach-blue(G,n) =1 <= n can reach some blue node,
Coyale(G,n) =1 <= nlies on a cycle.
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Why Boolean properties?

e Boolean properties are a convenient way to study expressive power.

e Instead of asking whether a model computes a complicated output, we ask
whether it can answer a yes/no question.

e This already captures many important tasks:
Does the graph contain a red node? Is this node on a cycle?

e Boolean graph properties correspond to graph-level tasks.
e Boolean node classifiers correspond to node-level tasks.

e |ater, they will also match naturally with logical formulas.
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From learning to expressivity

e We have seen that GNNs define functions that respect graph symmetries.

e Expressivity asks which invariant graph properties and node classifiers can be
represented by such architectures.

e Boolean properties give a clean test language:
can the model answer this yes/no question?

e Local properties, such as seeing a blue neighbour, are natural for message passing.
e Global properties, such as reachability and cycle membership, reveal its limitations.

e Part 2 makes this precise using colour refinement.
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Part 2: Limits of Graph Neural Networks

e How capabilities of GNNs can be measured?
o Distinguising power.
o Uniform and non-uniform expressivity.

e To what can we compare GNNs?

o Graph algorithms (colour refinement).
o Later: Logics
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Node-feature maps

Fix input labels X and output labels Y. Let G[X] denote the class of graphs whose
nodes are labelled by X.

e A node-feature map is a graph transformation
M: G[X] — g[Y]

that changes only the node labels, not the underlying graph.

Thus, for every input graph G = (N, E, g),

M(G) = (N,E,hg), hg:N—Y.

In words: M assigns a new output label hg(n) to each node n € N.

A class M is a set of such maps.

To study the expressivity of a GNN architecture, we study the class of
node-feature maps it can produce.
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What does it mean to be powerful?

e There are several ways to ask how powerful a class M of node-feature maps is.

e The weakest question is about distinguishing power:
can some map in M tell these two nodes apart?
e The strongest question is about uniform expressivity:
can one fixed map in M compute this classifier on all graphs?

e Between them sits non-uniform expressivity: the map may depend on the size of
the input, or even on the particular comparison.

e The phrase expressive power is used for all of these in the literature, so we must
say which question we are asking.
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How to measure the power of classes of node feature maps?

e Many ways to classify the computing power of a class M of feature maps.

Coarsest: distinguishability

Finest: uniform expressiveness

Middle ground: non-uniform expressiveness
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How to measure the power of classes of node feature maps?

e Many ways to classify the computing power of a class M of feature maps.
e Coarsest: distinguishability

o Given two pointed graphs (G, n) and (H, m), we ask whether there exists a
node-feature map M € M that separates the pointed graphs, i.e., such that

M(G)(n) # M(H)(m).

o The map may depend on the size (or any other information) of the two pointed
graphs.

o Distinguishability does not answer to the question which classifiers can be expressed
by a feature map.

o It can be used to show which classifiers cannot be expressed!

e Finest: uniform expressiveness

e Middle ground: non-uniform expressiveness
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How to measure the power of classes of node feature maps?

Many ways to classify the computing power of a class M of feature maps.

Coarsest: distinguishability

Finest: uniform expressiveness

o Which classifiers can be computed by using a single feature map from M.

o The same parameters, architecture, and number of layers must work for all input
graphs.

o Uniform expressivity answers to the question what classifiers belong to the class M.

Middle ground: non-uniform expressiveness
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How to measure the power of classes of node feature maps?

Many ways to classify the computing power of a class M of feature maps.

Coarsest: distinguishability

Finest: uniform expressiveness
Middle ground: non-uniform expressiveness
o Different maps can be used for differet inputs; map selection may depend on graph
size.
o For example, one may allow a family of feature maps

(Ms)seNa

where M only has to work on graphs of size s.
o Then a node classifier C is non-uniformly expressible if

Min(6)(n) = €(G)(n)

for every graph G = (N, E, g) and every node n € N.
o This is weaker than uniform expressiveness, since the model may change with the
graph size. In general s — M;, need not be even computable!
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How to measure the power of classes of node feature maps?

Many ways to classify the computing power of a class M of feature maps.

Coarsest: distinguishability

Finest: uniform expressiveness

Middle ground: non-uniform expressiveness

In the literature, expressive power may refer to any of the above notions.
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Distinguishing power: what can never be separated?

e A natural first question is:
are there theoretical limits to what GNNs can distinguish?

e The first limit comes from graph isomorphism.
e If two pointed graphs are isomorphic,

(G,n) = (H, m),

then any isomorphism-invariant node-feature map must treat n and m the same.
e In particular, if f: G — G is an automorphism, then n and f(n) cannot be
separated.
e So the first wall is symmetry:

GNNs cannot break graph symmetries.

e The more interesting wall is colour refinement. That is where we go next.
37



Colour refinement: what does a node see?

Imagine that every node repeatedly asks:

what colour am |, and what colours do my neighbours have?

Initially, a node only knows its own input label:

xo(n) = g(n).

After one round, it knows the multiset of labels around it.

After two rounds, it knows how those neighbours themselves look.

After t rounds, the colour x¢(n) summarizes the depth-t view of n as seen by this
message-passing process.
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Colour Refinement (1-WL)

G1 G2

Round 0: one colour class

Xo(n) = grey
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Colour Refinement (1-WL)

0°eo®

Round 1: split by degree

Xe+1(n) = (xe(n), fxe(m) - m € E(n)})
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Colour Refinement (1-WL)

G1 G2

Round 2: colours propagate

Xe+1(n) = (xe(n), fxe(m) - m € E(n)})
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Colour Refinement (1-WL)

G1 G2

Stable colouring

Xe+1(n) = (xe(n), fxe(m) - m € E(n)})
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Colour refinement in one line

e The update rule is
xe+1(n) = hash (xe(n), {xe(m) | m € E(n)}}).
e The hash is injective: two nodes get the same new colour exactly when they had
o the same old colour, and
o the same multiset of neighbour colours.
e So colour refinement never guesses. It separates nodes only when their local
evidence is different.
e When no further split is possible, the colouring is stable.
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Stable colouring

Let x¢: N — C; be the colouring after round t.
e Each colouring x: induces a partition of N:

Me = {xr'(c) | ¢ € xe(N)}.

Two nodes are in the same block of I1; exactly when they have the same colour:

n=p,m <= x:t(n)=xe(m).

Colour refinement stops once this partition no longer changes.

Equivalently, it stops at the first T such that

xt(n)=xr(m) <<= x741(n) = x712(M)

forall n,me N.

The resulting stable colouring is denoted by ...
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Colour histograms

Let x: N — C be a colouring of the nodes of a graph G = (N, E, g).
e The colour histogram of x records how often each colour occurs.

e Formally, it is the function
hist,: C = N

defined by
hist, (c) := [{n € N | x(n) = c}|.

e Equivalently, the colour histogram is the multiset of node colours

{x(n) [ ne N}

e Thus two graphs have the same colour histogram at round t if they contain the
same colours with the same multiplicities.
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Graph isomorphism and colour refinement

Colour refinement is invariant under graph isomorphism.

e If G = G’ via f, then for every round t,

X¢ (n) = x¢'(F(n))-

Hence, if colour refinement produces different colour histograms, then the graphs
are not isomorphic.

If the histograms agree, the test is inconclusive.

Thus colour refinement is a useful but incomplete test for graph isomorphism.
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Colour refinement: another example

Ky &y dy
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GNNs and colour refinement

e Colour refinement and message-passing GNNs use the same basic pattern:
old node information 4+ multiset of neighbour information.

e Colour refinement updates colours by

xe+1(n) = hash (xe(n), {xe(m) | m € E(n)}}).

e A GNN layer updates features by

ge+1(n) = Comb (g:(n), Agg,{{g:(m) | m € E(n)}).

e Thus colour refinement is a discrete analogue of message passing.

45



The punchline

A message-passing GNN cannot see more than colour refinement
sees.

e This is not a statement about training.
e |t is not a statement about the number of parameters.

e It is a structural statement about the form of message passing:

a node repeatedly receives only a multiset summary of its neighbours.
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GNNs and colour refinement

Proposition 1 (Colour refinement and GNNs [Mor+19])

Let (G, n) and (H, m) be two pointed X-labeled graphs. Let x; denote the colouring
after t rounds of colour refinement.

1. For every t-layer message-passing GNN with node features g+, we have
G H G H
xe(n) =x¢(m) = g’(n)=g (m).

2. Conversely, if colour refinement distinguishes the two pointed graphs after t
rounds, that is,

X (n) # x¢'(m),

then there exists a t-layer message-passing GNN such that
G H
g: (n) # g'(m).
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Easy direction: GNNs are bounded by CR

Let x: be the colour refinement colouring after t rounds.

Let g; be the node features computed by a t-layer GNN.

The easy direction says:

xe(n) = xt(m) = gi(n) = gi(m).

Equivalently:
gi(n) # ge(m) = xe(n) # xe(m).

Hence a GNN cannot distinguish two nodes that colour refinement has not
distinguished.
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Proof of the easy direction

We prove by induction on t that
xt(n) =xe(m) = ge(n) = ge(m).
e Base case t = 0: if xo(n) = xo(m), then n and m have the same initial label, so
go(n) = go(m).

Induction step: assume the claim holds for t.

e Suppose
Xe41(n) = xe41(m).
By definition of colour refinement,

xt(n) = xt(m)

and

{xe(u) [ v e E(m} = {x:(v) | v € E(m)}}.
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Proof of the easy direction continued

By the induction hypothesis, equal colours at round t imply equal GNN features.

e Therefore the neighbour-feature multisets agree:

{ge(u) | ue E(n)}} = {g:(v) [ v e E(m)}}.

e Also,
gt(n) = ge(m).

Since the same aggregation and combination functions are applied at every node,

ge+1(n) = gey1(m).

This proves the induction step.

Hence every message-passing GNN is bounded by colour refinement.
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Consequence

e |f colour refinement gives two nodes the same stable colour, then no
message-passing GNN can distinguish them:

Xoo(N) = Xoo(m) = gu(n) = gi(m)

for every number of layers /.
e Therefore, message-passing GNNs are at most as expressive as colour refinement.

e In particular, every node classifier definable by such a GNN is constant on
colour-refinement classes.
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The converse direction

e The easy direction was:
GNN distinguishes = CR distinguishes.
e The converse asks:
CR distinguishes = some GNN distinguishes.

e We show this later using logic!
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Colour refinement cannot distinguish 2K3; from (g

VANWAN

G = 2K;

H=20G

e Colour refinement does not distinguish 2K3 and Cg, even though they are not
isomorphic.

e Neither can any GNN! Irregardless of number of layers or number of parameters or
complexity of combine and aggregate functions..
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Why colour refinement cannot see triangles

e Initially, all nodes have the same colour.
e In both graphs, every node has exactly two neighbours.

e Moreover, as long as all nodes have the same colour, every node sees the same
multiset of neighbour colours:

{xe(m) | me E(n)}} = {ct, e}
e Hence all nodes receive the same colour at the next round:
Xt+1(n) = cry1 for every node n.

e By induction, colour refinement never distinguishes nodes in K3 LI K3 from nodes
in C6.
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Consequence for GNNs

Define the node classifier

Ca(G)(n)=1 <= nliesin a triangle.

e In K3 LI K3, every node satisfies Cae(G)(n) = 1.
e In Cg, every node satisfies Ca(H)(n) = 0.
e But colour refinement assigns the same stable colour to all nodes in both graphs.

e Since message-passing GNNs are bounded by colour refinement, no standard
message-passing GNN can express Cx.

e The problem is structural:

message passing cannot tell whether two neighbours are connected to each other.
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A different blind spot: information too far away

e The triangle example was not about distance. The triangle is right next to the
node.

e Now consider a different limitation.
e After ¢ layers, a node can only receive information from nodes within distance /.
e Therefore any fixed-depth GNN is local:

ge(n) depends only on the labelled radius-¢ neighbourhood of n.

e So fixed-depth GNNs cannot express properties where the relevant witness may be
arbitrarily far away.
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Reachability is not fixed-depth

Fix a label p and define
CReach(G)(n) =1
iff there is a directed path from n to some node labelled p.

e For any fixed number of layers ¢, choose two directed paths whose first £ steps
from the start node look identical.

e In the first graph, a p-node occurs just beyond this visible horizon, at distance
{+ 1.

e In the second graph, no p-node is reachable.

e The start nodes have the same radius-¢ view, so every ¢-layer GNN gives them the
same output.

e Hence no fixed-depth GNN can express general reachability.
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Reachability needs iteration

Reachability is naturally computed by an iterative process.
e Start with the target nodes:

Ro:={n|peg(n)}.
e Then repeatedly add predecessors:
Rt+1 = Rt U {n | E(n) N Rt ?é @}

e The process may require as many rounds as the length of the longest relevant
path.

e Thus reachability is not a fixed-depth property.
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From distinguishing power to expressive power (a)

e Distinguishing two fixed graphs can be easier than expressing one classifier
uniformly on all graphs.

e For example, if G and G’ are paths of different lengths, then some GNN can
separate them.

e But as the paths become longer, the separating GNN may need more layers.
e This matters because uniform expressivity requires one fixed depth.

e Therefore: separating every finite example individually is not the same as
computing one global classifier.
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From distinguishing power to expressive power (b)

e Easy exercise: If G and G’ are paths of different lengths n and m, there exists a
GNN that separates G and G'.

o Caveat: When n and m grow bigger, the separating GNN requires more layers.
e Separating power of /-layer GNNs is limited to that of /-round colour refinement.

o Consequence: Any graph property that can be expressed with a GNN is invariant
under /-round colour refinement, for large enough /!
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From distinguishing power to expressive power (c)

e Fix /, no I-layer GNN can separate G, a path of length 3/ + 2, from G’, a disjoint
union of a path of 2/ + 2 and a cycle of length /.

o Proof: The I-neighbourhoods of the / middle points of G are indistinguishable from
the cycle points of G’. This can be formalised using /-round CR.

e Consequence: No fixed layer GNN can decide whether a graph has a cycle.

60



Two kinds of limitations

e Some properties fail because fixed-depth GNNs are local.
e Reachability is an example: the relevant information may be arbitrarily far away.

e Other properties fail because they are not visible to colour refinement, as we have
seen before.
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Reachability vs. cycle membership

Reachability illustrates a locality limitation: fixed-depth GNNs cannot follow paths
of unbounded length.

Cycle membership illustrates a colour-refinement limitation.

CR sees the unfolding of the graph around a node.

It does not know whether a path eventually returns to the same node.

Hence even very small cycles can be invisible to CR and to CR-bounded GNNs.
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Graphs provide a natural data model for relational data.

GNNs learn node representations by message passing.

e Message-passing GNNs are invariant and define valid node classifiers.

Their expressive power is closely tied to colour refinement.
o They have the same distinguishing power!
o Properties not invariant under colour refinement, such as Triangle, cannot be
expressed by standard message-passing GNNs.

Fixed-depth GNNs are local and cannot express general reachability.
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