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Abstract There is a long tradition in understanding graphs by investigating their
adjacency matrices by means of linear algebra. Similarly, logic-based graph query
languages are commonly used to explore graph properties. In this paper, we bridge
these two approaches by regarding linear algebra as a graph query language.

More specifically, we consider MATLANG, a matrix query language recently
introduced, in which some basic linear algebra functionality is supported. We in-
vestigate the problem of characterising the equivalence of graphs, represented by
their adjacency matrices, for various fragments of MATLANG. That is, we are inter-
ested in understanding when two graphs cannot be distinguished by posing queries in
MATLANG on their adjacency matrices.

Surprisingly, a complete picture can be painted of the impact of each of the linear
algebra operations supported in MATLANG on their ability to distinguish graphs.
Interestingly, these characterisations can often be phrased in terms of spectral and
combinatorial properties of graphs.

Furthermore, we also establish links to logical equivalence of graphs. In partic-
ular, we show that MATLANG-equivalence of graphs corresponds to equivalence by
means of sentences in the three-variable fragment of first-order logic with counting.
Equivalence with regards to a smaller MATLANG fragment is shown to correspond
to equivalence by means of sentences in the two-variable fragment of this logic.
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2 Floris Geerts

1 Introduction

Motivated by the importance of linear algebra for machine learning on big data [8,
9,15,55,63] there is a current interest in languages that combine matrix operations
with relational query languages in database systems [26,43,49,50,53]. Such hybrid
languages raise many interesting questions from a database theoretical point of view.
It seems natural, however, to first consider query languages for matrices alone. These
are the focus of this paper.

More precisely, we continue the investigation of the expressive power of the matrix
query language MATLANG, recently introduced by Brijderetal. [10, 11], as an analog
for matrices of the relational algebra on relations. Intuitively, queries in MATLANG
are built up by composing several linear algebra operations commonly found in linear
algebra packages. When arbitrary matrices are concerned, it is known that MATLANG
is subsumed by aggregate logic with only three non-numerical variables. This implies,
among other things, that when evaluated on adjacency matrices of graphs, MATLANG
cannot compute the transitive closure of a graph and neither can it express the four-
variable query asking if a graph contains a four-clique [10, 11].

In fact, it is implicit in the work by Brijder et al. that when two graphs G and
H are indistinguishable by sentences in the three-variable fragment C* of first-order
logic with counting, denoted by G =c¢3 H, then their adjacency matrices cannot be
distinguished by MATLANG expressions that return scalars, henceforth referred to as
sentences in MATLANG. The equivalence with respect to such sentences is denoted
by G =maTLanG H . A natural question is whether the converse implication also holds,
i.e.,does G =vaTLanG H alsoimply G =c3 H ? We answer this question affirmatively.

The underlying proof technique relies on a close connection between C3-equiva-
lence and the indistinguishability of graphs by the 2-dimensional Weisfeiler-Lehman
(2WL) algorithm, a result dating back to the seminal paper by Cai, Fiirer and Im-
merman [13,44]. Indeed, as we will see, the linear algebra operators supported in
MATLANG have sufficient power to simulate the 2WL algorithm. Hence, when
G =maTLancg H, then G and H cannot by distinguished by the 2WL algorithm.

This combinatorial interpretation of MATLANG-equivalence immediately pro-
vides an insight in which graph properties are preserved under MATLANG-equivalence
(see e.g., the work by Fiirer [29,30]). For example, when G =wmaTtLang H, then G
and H must be co-spectral (that is, their adjacency matrices have the same multi-set
of eigenvalues) and have the same number of s-cycles, for s <6, but not necessarily
s-cycles for s > 7. As observed in the conference version of this paper [31], the case of
7-cycles easily follows from the connection with MATLANG. Indeed, the linear alge-
bra expressions for counting s-cycles, for s <7, given in Noga et al. [1] are expressible
in MATLANG and hence, 7-cycles are preserved by 2WL-equivalence. This has been
recently verified using other techniques by Arvind et al. [3]. Although formulas exist
for counting cycles of length greater than 7 [1], they require counting the number of
k-cliques, for k >4, which is not possible in MATLANG, as observed earlier.

Apart from the logical and spectral/combinatorial characterisation of MATLANG-
equivalence, we also point out the correspondence between C3-equivalence (and thus
also 2WL- and MATLANG-equivalence) and similarity conditions between adjacency
matrices. As observed by Dawar et al. [23,24], G =c3 H if and only if there exists
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On the expressive power of linear algebra on graphs 3

a unitary matrix U such that Ag-U =U - Ay and moreover, U induces an algebraic
isomorphism between the so-called coherent algebras of Ag and Ay . Here, A and
Ay denote the adjacency matrices of G and H, respectively. We recall that a unitary
matrix U is a complex matrix whose inverse is its complex conjugate tranpose U ™.
Coherent algebras and their isomorphisms are detailed later in the paper.

All combined, we have a logical, combinatorial and similarity-based character-
isation of MATLANG-equivalence. Surprisingly, similar characterisations hold also
for fragments of MATLANG. We define fragments of MATLANG by allowing only
certain linear algebra operations in our expressions. Such fragments are denoted by
ML(L), with L the list of allowed operations. The corresponding notion of equiva-
lence of graphs G and H will be denoted by G =mi () H. That is, G =wm () H if
any sentence in ML(L) results in the same scalar when evaluated on Ag and Ag.
We investigate equivalence for all sensible MATLANG fragments. Our results are, as
follows:

For starters, we consider the fragment ML(-, tr) that allows for matrix multiplica-
tion (-) and trace (tr) computation (i.e., taking the sum of the diagonal elements of a
matrix). Then, G =mi (.t H if and only if G and H are co-spectral, or equivalently,
they have the same number of closed walks of any length, or Ag- O = O - Ay for some
orthogonal matrix O. We recall that an orthogonal matrix O is a matrix over the real
numbers such that its inverse coincides with the transpose matrix O* (Section 5).

Another small fragment, ML(-,*, 1), allows for matrix multiplication, conjugate
transposition (*) and the use of the vector 1, consisting of all ones. Then, G =mi(. +,1)
H if and only if G and H are co-main (roughly speaking, they are co-spectral only
for special “main” eigenvalues), or equivalently, they have the same number of (not
necessarily closed) walks of any length, or Ag-Q = Q- Ay for some doubly quasi-
stochastic matrix Q. A doubly quasi-stochastic matrix Q is a matrix over the real
numbers such that every of its columns and rows sums up to one (Section 6).

When allowing both tr and 1, equivalence of graphs relative to ML(-,tr, 1) coin-
cides, not surprisingly, to the graphs being both co-spectral and co-main, or equiva-
lently, having the same number of closed and non-closed walks of any length, or such
that Ag- O = O - Ay, for an orthogonal doubly quasi-stochastic matrix O (Section 6).

More interesting is the fragment ML(-,*,1, diag), which also allows for the oper-
ation diag(-) that turns a vector into a diagonal matrix with that vector on its diagonal.
For this fragment we can tie equivalence to indistinguishability by the 1-dimensional
Weisfeiler-Lehman (1WL) algorithm (or colour refinement). This is known to coin-
cide with the graphs having a common equitable partition, or the existence of a doubly
stochastic matrix S such that Ag-S =S5 Ay (ak.a. as a fractional isomorphism), or
C2-equivalence. Here, C? denotes the two-variable fragment of first-order logic with
counting. We recall that a doubly stochastic matrix is a doubly quasi-stochastic matrix
whose entries are all non-negative (Section 7).

In the former fragment, replacing the operator diag(-) with an operator (®,) which
pointwise multiplies vectors results in the same distinguishing power. By contrast, the
combination of tr and the ability to pointwise multiply vectors results in a stronger
notion of equivalence. That is, G =mL(. tr,1,0,) H if and only if G and H are co-
spectral and indistinguishable by 1WL. Also in this case, Ag-O=0:Ag for an
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4 Floris Geerts

orthogonal matrix O that, in addition, needs to preserve equitable partitions. We
define this preservation condition later in the paper (Section 8).

For the larger fragment ML(-,*,tr,1,diag), no elegant combinatorial character-
isation is obtained. Nevertheless, for equivalent graphs G and H, Ag-O=0-Ay
where O is an orthogonal matrix that can be block-structured according to the equi-
table partitions. This is a stronger notion than the preservation of equitable partitions.
Graphs equivalent with respect to this fragment have, for example, the same number
of spanning trees. This is not necessarily true for all previous fragments (Section 7).

Finally, as we already mentioned, equivalence relative to MATLANG is shown
to correspond to C3-equivalence and 2WL-equivalence. We additionally refine the
similarity-based characterisation given by Dawar et al. [23,24] so that it compares
more easily to the similarity notions obtained for all previous fragments. Furthermore,
we show that pointwise multiplication of matrices (the Schur-Hadamard product) is
crucial in this setting (Section 9).

Each of these fragments can be extended with addition and scalar multiplication at
no increase in distinguishing power. It is also shown when fragments can be extended
to accommodate for arbitrary pointwise function applications, on scalars, vectors or
matrices. We furthermore exhibit example graphs separating all fragments.

For many of our characterisations we rely on the rich literature on spectral graph
theory [12,17,18,19,32,39,61,68] and the study on the equivalence by the Weisfeiler-
Lehman algorithms and fixed-variable fragments of first-order logic with counting [23,
24,25,35,44,60,65,66,69]. We describe the relevant results in these papers in the
course of the paper. We also refer to work by Fiirer [29,30] for more examples of
connections to graph invariants and to Dawar et al. [23,24] for connections between
logic, combinatorial and spectral invariants.

In some sense, we provide a unifying view of various existing results in the
literature by grouping them according to the operators supported in MATLANG.
We remark that, recently, another unifying approach has been put forward by Dell
et al. [25]. In that work, one considers indistinguishability of graphs in terms of
homomorphism vectors. That is, one defines HOM = (G) := (Hom(F, G)) g r for some
class F of graphs, where Hom(F, G) is the number of homomorphisms from F to G.
Then G and H are indistinguishable for some class F of graphs when HOM£(G) =
HOMx(H). When F consists of all cycles, this notion of equivalence corresponds to
ML(-,tr)-equivalence (recall the closed walk characterisation of the latter); when F
consists of all paths, we have a correspondence with ML(-,*,1)-equivalence (recall
the walk characterisation of the latter); when F consists of trees, G and H are
equivalent for the 1WL-algorithm and thus also for C*> and ML(-,*,1,diag), and
finally, when F consists of all graphs of tree-width at most 2, G and H are equivalent
for the 2WL-algorithm and thus also for C* and MATLANG. Our results can thus be
regarded as a re-interpretation of the results in Dell et al. [25] in terms of MATLANG.

We also remark that C¥ -equivalence, for k >4, can be characterised in terms of
solutions to linear problems which resemble similarity-based characterisations [4,36,
54]. We leave it to future work to identify which additional linear algebra operators
to include in MATLANG such that C¥-equivalence can be captured, for k > 4.

Although we made links to logics such as C? and C3, the connection between
MATLANG, rank logics and fixed-point logics with counting, as studied in the context
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On the expressive power of linear algebra on graphs 5

of the descriptive complexity of linear algebra [21,20,22,34,37,42], is yet to be
explored. Similarly for connections to logic-based graph query languages [2,6].

2 Background

We denote the set of real numbers by R and the set of complex numbers by . The set of
m xn-matrices over the real (resp., complex) numbers is denoted by R™*" (resp., ™*").
Vectors are elements of R”*! (or ”*!). The entries of an m xn-matrix A are denoted
by A;j,fori=1,...,mand j =1,...,n. The entries of a vector v are denoted by v;,
fori =1,...,m. We often identify R**! with R, and '*! with . The following classes
of matrices are of interest in this paper: square matrices (elements in R*** or **"),
symmetric matrices (such that A;; = Aj; for all i and j), doubly stochastic matrices
(A €R, A;;=0, Y Aiyj=1and Y7_ A; =1 for all i and j), doubly quasi-
stochastic matrices (A;; €R, Y-7_; Ay =1and 3} /., A;;=1 for all i and j), and
orthogonal matrices (O e R, Ot-O =1 = O - 0%, where O" denotes the transpose
of O obtained by switching rows and columns, - denotes matrix multiplication, and
I is the identity matrix in R™*").

We only need a couple of notions of linear algebra. We refer to the textbook by
Axler [5] for more background. An eigenvalue of a matrix A is a scalar A in for which
there is a non-zero vector v satisfying A-v = Av. Such a vector is called an eigenvector
of A for eigenvalue A. The eigenspace of an eigenvalue is the vector space obtained
as the span of a maximal set of linear independent eigenvectors for this eigenvalue.
Here, the span of a set of vectors just refers to the set of all linear combinations of
vectors in that set. A set of vectors is linear independent if no vector in that set can
be written as a linear combination of other vectors. The dimension of an eigenspace
is the minimal number of eigenvectors that span the eigenspace.

We will only consider undirected graphs without self-loops. Let G =(V, E) be
such a graph with vertices V ={1,...,n} and unordered edges E C{{i, j}|i,jeV}.
The order of G is simply the number of vertices. Then, the adjacency matrix of a
graph G of order n, denoted by Ag, is an n xn-matrix whose entries (Ag);; are set to
1ifand only if {i, j } € E, all other entries are set to 0. The matrix Ag is a symmetric
real matrix with zeroes on its diagonal. The spectrum of an undirected graph can be
A As o Ay
My My -+ My
real eigenvalues of the adjacency matrix Ag of G, and where m,,m,,...,m, denote
the dimensions of the corresponding eigenspaces. Two graphs are said to be co-spectral
if they have the same spectrum. We introduce other relevant notions throughout the
paper. Recall that a walk of length k in a graph G = (V, E) is a sequence (v, Uy, - . ., Uk)
of vertices of G such that consecutive vertices are adjacent in G, i.e., (v;_1,v;) €E
foralli =1,..., k. Furthermore, a closed walk is a walk that starts in and ends at the
same vertex. Closed walks of length O correspond, as usual, to vertices in G.

represented as spec(G) = ( ), where A, <A, <--- <A, are the distinct
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6 Floris Geerts

3 Matrix query languages

As described in Brijder et al. [10], matrix query languages can be formalised as
compositions of linear algebra operations. Intuitively, a linear algebra operation takes
a number of matrices as input and returns another matrix. Examples of operations are
matrix multiplication, conjugate transposition, computing the trace, just to name a few.
By closing such operations under composition “matrix query languages” are formed.
More specifically, for linear algebra operations opy, ..., op; the corresponding matrix
query language is denoted by ML(op,,...,op;) and consists of expressions formed
by the following grammar:

e:=X|opy(er,....ep ) | -+ lopi(er.....ep),
where X denotes a matrix variable which serves to indicate the input to expressions
and p; denotes the number of inputs required by operation op,. We focus on the case
when only a single matrix variable X is present. The treatment of multiple variables
is left for future work.

The semantics of an expression e(X) in ML(op,,...,0p;) is defined inductively,
relative to an assignment v of X to a matrix v(X)e€™", for some dimensions m
and n. We denote by e(v (X )) the result of evaluating e(X) on v(X). As expected,
we define op; (e1(X),....ep, (X))(v(X)):=op;(e1((X)),....ep, (1(X))) for linear
algebra operation op;. In Table 3.1 we list the operations constituting the basic matrix
query language MATLANG, introduced in Brijder et al. [ 10]. In the table we also show
their semantics. We note that restrictions on the dimensions are in place to ensure that
operations are well-defined. Using a simple type system one can formalise a notion of
well-formed expressions which guarantees that the semantics of such expressions is
well-defined. We refer to Brijder et al. [10] for details. We only consider well-formed
expressions from here on.

Remark 3.1 The list of operations in Table 3.1 differs slightly from the list presented
in Brijder et al. [10]: We explicitly mention scalar multiplication (x), addition (4),
and the trace operation (tr), all of which can be expressed in MATLANG. Hence,
MATLANG and ML(-,*,tr,1,diag, +, x,apply[ f], f €2) are equivalent.

4 Expressive power of matrix query languages

As mentioned in the introduction, we are interested in the expressive power of
matrix query languages. In analogy with indistinguishability notions used in logic, we
consider sentences in our matrix query languages. We define an expression e¢(X) in
ML(opy,-..,0p;) to be a sentence if e(v(X)) returns a 1 x 1-matrix (i.e., a scalar) for
any assignment v of the matrix variable X in e(X). We note that the type system of
MATLANG allows to easily check whether an expression in ML(L) is a sentence (see
Brijder et al. [10] for more details). Having defined sentences, a notion of equivalence
naturally follows.

Definition 4.1 Two matrices A and B in ™" are said to be ML(ops,...,0pk)-
equivalent, denoted by A =ML (op,.....op) B if and only if e(A) = e(B) for all sentences
e(X) in ML(ops1,...,0pk).

.....
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conjugate transposition (op(e) =e*)

e((X)=A4¢em" e((X)) =4 (4%)ij =A%,
one-vector (op(e) =1(e))

e(V(X))=Aemn Le(w(X))=1emx! 1,=1
diagonalization of a vector (op(e) =diag(e))

e(w(X))=Aemnx! diag(e(v(X)) =diag(4) <" diag(4);i =4;,

diag(A),-j =0,i#]

matrix multiplication (op(e;,e2) =€ -€2)

o e €1 (W(X))-e2(W(X)) = C €m0 Ciy=X0I_, Aix x By,

matrix addition (op(e1,e2) =e; +e>)

e (v(X))=AD em=n e1(n)(X) +ex(v(X)) =B " Bij=Aj + A7
scalar multiplication (op(e) =c xe, c €)

e(v(X))=Aemnxn cxe(v(X))=Be"n Bij =cxA;;
trace (op(e) =tr(e))

e(v(X))=Aemxm tre(v(X))=ce =" Aii

pointwise function application (op(e;,...,e,) =apply[fl(e1,....ep)), f P —>€Q
ei (X)) =AD e apply[f1(e1(v(X)),...,e,(W(X)))=Be™"  Bi;=f(A{},...,A")

Table 3.1 Linear algebra operations (supported in MATLANG [10]) and their semantics. In the first
operation, * denotes complex conjugation. In the last operation, Q =|J;~ 2k, Where Qi consists of
functions f :X—.

In other words, equivalent matrices cannot be distinguished by sentences in the matrix
query language under consideration. One could imagine defining equivalence with
regards to arbitrary expressions, i.e., expressions in MATLANG that are not neces-
sarily sentences. Such a notion would be too strong, however. Indeed, requiring that
e(A)=e(B) for arbitrary expressions e(X) would imply that A= B (just consider
e(X):= X)) and then the story ends.

We aim to characterise equivalence of matrices for various matrix query lan-
guages. We will, however, not treat this problem in full generality and instead only
consider equivalence of adjacency matrices of undirected graphs. We leave the gen-
eralisation to directed graphs and to arbitrary matrices for future work. Definition 4.1,
when applied to adjacency matrices naturally result in the following notion of equiv-
alence of graphs.

Definition 4.2 Two graphs G and H of the same order are said to be ML (opy,...,0pk)-
equivalent, denoted by G =mL(op, ,....op) 1, if and only if their adjacency matrices are
ML(ops,...,0pk)-equivalent.

.....

In the following sections we consider equivalence of graphs for various fragments,
starting from simple fragments only supporting a couple of linear algebra operations,
up to the full MATLANG matrix query language.

5 Expressive power of the matrix query language ML(-,tr)
The smallest fragment, in terms of the number of supported operations, that we con-

sider is ML(-,tr), i.e., the matrix query language in which only matrix multiplication
and the trace operation are supported. This is a very restrictive fragment since the
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only sentences that one can formulate are of the form (i) #cwalkg (X):=tr(X*),
where X* stands for the k™ power of X, i.e., X multiplied k£ times with itself, and
(ii) products of such sentences. We note that, when evaluated on an adjacency ma-
trix Ag, #cwalki(Ag) is equal to the number of closed walks of length k in G.
Indeed, an entry (A4%), ., of the k™ power A% of adjacency matrix A¢ can be easily
seen to correspond to the number of walks from v to w of length k in G. Hence,
#cwalky (Ag) =tr(A’(‘;) = Zvev(Alf;)vv indeed corresponds to the number of closed
walks of length k in G.
The following (folklore) characterisations are known to hold.

Proposition 5.1 Let G and H be two graphs of the same order. The following state-
ments are equivalent:

(1) G and H have the same number of closed walks of length k, for all k > 0;
(2) tr(A%) =tr(A%) for all k >0;

(3) G and H are co-spectral; and

(4) there exists an orthogonal matrix O such that Ag-O =0 -Ag.

Proof For a proof of the equivalences (1) < (2) < (3) we refer to Proposition 1
in [23] (although these equivalences appeared in the literature many times before).
The equivalence (3) < (4) is also known (see e.g., Theorem 9-12 in [59]). O

Example 5.1 The graphs G, ([-]) and H; (<) are the smallest pair (in terms of
number of vertices) of non-isomorphic co-spectral graphs of the same order (see e.g.,
Figure 6.2 in [16]). From the previous proposition we then know that G; and H; have
the same number of closed walks of any length. We note that the isolated vertex in G,
ensures that G; and H,; have the same number of vertices (and thus the same number
of closed walks of length 0). O

As expected, sentences in ML(-,tr) can only extract information from adjacency
matrices related to the number of closed walks in graphs. More precisely, we can add
to Proposition 5.1 a fifth equivalent condition based on ML(-,tr)-equivalence:

Proposition 5.2 For two graphs G and H of the same order, G =m(.,vr) H if and
only if G and H have the same number of closed walks of any length.

Proof By definition, if G =my(.,tn H, then e(Ag) =e(Ap) for any sentence e(X)
in ML(-,tr). This holds in particular for the sentences #cwalk; (X):=tr(X¥) in
ML(-,tr), for k > 1. Hence, G and H have indeed the same number of closed walks
of length k, for k> 1. Furthermore, since G and H are of the same order and
A% =A% =1 (by convention), G and H have also the same number of closed walks
of length 0.

For the converse, if G and H have the same number of closed walks of any length,
then the previous proposition tells that Ag-O = O - Ay for some orthogonal matrix
O. We next claim that when Ag-O = O- Ay holds for some orthogonal matrix O,
then e(Ag) =e(Ap) for any sentence e(X) in ML(-, tr). In fact, this claim will follow
from the more general Lemmas 5.1 and 5.2 below. We separate these Lemmas from
the current proof since we also need them later in the paper. O
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We thus see that yet another interpretation of G =my(. +r) H can be given in terms of
the homomorphism vectors mentioned in the Introduction. That is, G =my(. ) H if
and only if HOMx(G) =HOM£(H ) where F is the set of all cycles [25].

As mentioned in the proof of Proposition 5.2, we still need to show thatif Ag-O =
O - Apg holds for some orthogonal matrix O, then e(Ag) =e(Ag) for any sentence
e(X) in ML(-,tr). In more generality, we refer to the existence of a (not necessarily
orthogonal) matrix 7 such that Ag-T =T - Ay holds, by saying that Ag and Ay
are T -similar. We also need the notion of T-similarity for vectors and scalars, as is
defined next.

Definition 5.1 Let 7 be a matrix in "*”. Two matrices A and B in "*" are called
T -similar if A-T =T -B. Two vectors A and B in "*! are T-similar if A=T-B.
Similarly, two vectors A and B in " are T -similar if A-T = B. Finally, if A and B
are scalars in , then A and B are T -similar if A= B (i.e., T-similarity of scalars is
simply equality).

In ML(-,tr) we allow matrix multiplication and the trace operation. We first show
that 7" -similarity is preserved by matrix multiplication for any matrix 7.

Lemma 5.1 Let Ag and Ay be two adjacency matrices of the same dimensions. Let
e1(X) and e;(X) be two expressions in ML(L) forany L. Ife; (Ag) and e; (Ay) are T -
similar, for i = 1,2, for an arbitrary matrix T, then e, (Ag)-e2(Ag) is also T -similar
to e1(Ag)-ex(Ay) (provided, of course, that the multiplication is well-defined).

Proof The proof consists of a simple case analysis depending on the dimensions of
e1(Ag) and e;(Ag) (or equivalently, the dimensions of e;(Ay) and e,(Ag)) and by
using the definition of 7 -similarity. We refer for the proof to the appendix. O

When considering the trace operation, we observe that 7T -similarity is preserved
by the trace operation for any invertible matrix 7.

Lemma 5.2 Let Ag and Ay be two adjacency matrices of the same dimensions. Let
e1(X) be an expression in ML(L) for any L. If e1(Ag) and e (Ag) are T -similar for
an invertible matrix T, then tr(e1(Ag)) and tr(e,(Ag)) are also T -similar.

Proof Let e(X):=tr(e;(X)). By assumption, e;(Ag)-T =T -e,(Ag) for an invert-
ible matrix T in case that e;(Ag) is an nxn-matrix, and ¢, (Ag) =e,(Ag) in case
that e;(Ag) is a sentence. In the latter case, clearly also e(Ag)=tr(e;(4g)) =
tr(e,(Ag))=e(Ag). In the former case, we use the property that tr(7!-A-T) =
tr(A) for any matrix A and invertible matrix 7" (see e.g., Chapter 10 in [5] for a proof
of this property). Hence, we have that e(Ag) =tr(e;(Ag))=tr(T -, (4g)-T)=
tr(T™ 1. T-e;(Ag))=tr(I -e;(Ag)) =tr(e;(Ag)) =e(Ag) holds, as desired. O

We remark that Lemmas 5.1 and 5.2 hold for any fragment ML(L).

The claim at the end of the proof of Proposition 5.2, i.e., O-similarity of A and
Apg indeed implies that e(Ag) =e(Ag) for any sentence e(X) € ML(-,tr), now easily
follows by induction on the structure of expressions, Indeed, since orthogonal matrices
are invertible, Lemmas 5.1 and 5.2 imply that when e, (Ag) and e;(Ag), and e, (Ag)
and e, (Ag) are O-similar for an orthogonal matrix O, then also e;(Ag)-e2(Ag) and
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e1(Ay)-e;(Ay) are O-similar, and tr(e;(Ag)) and tr(e,(Ag)) are O-similar (i.e.,
equal). Hence, when Ag and Ay are O-similar, e(Ag) and e(Ay) are O-similar for
any sentence e(X) € ML(-,tr). Thatis, e(Ag) =e(Apg) for any sentence in ML(-, tr).

5.1 Adding operations to ML(-,tr) without increasing its distinguishing power

We conclude this section by investigating how much more ML(-,tr) can be extended
whilst preserving the characterisation given in Proposition 5.2. Some more general
observations will be made in this context, which will be used for other fragments later
in the paper as well.

First, we consider the extension with scalar multiplication (x) and addition (+).

Lemma 5.3 Let ML(L) be any matrix query language fragment. Let e; (X ) and e;(X)
be two expressions in ML(L) and consider two graphs G and H of the same order.
Then, if e,(Ag) and e, (Ag), and e;(Ag) and e;(Ag) are T -similar for some matrix
T, then also e;(Ag)+ex(Ag) and e;(Ag)+es(Ay) are T -similar, and ax e (Ag)
and axe(Ag) are T-similar for any scalar a € C.

Proof This is an immediate consequence of the definition of 7T-similarity and that
matrix multiplication is a bilinear operation, i.e., (a X A+bXxB)-(cxC+dx D)=
(axc)x(A-C)+(axd)x(A-D)+(bxc)x(B-C)+(bxd)x(B-D), for scalars a,
b, ¢, d € and matrices or vectors A, B,C and D. O

We next consider complex conjugate transposition (*).

Lemma 5.4 Let ML(L) be any matrix query language fragment. Let e(X) be an
expression in ML(L) and consider two graphs G and H of the same order. Then, if
e(Ag) and e(Ay) are T -similar, and e(Ay) and e(Ag) are T*-similar for some ma-
trix T, then also (e(Ag))* and (e(Ag))* are T -similar, and (e(Ap))* and (e(Ag))*
are T*-similar.

Proof We distinguish between a number of cases, depending on the dimensions of
e(Ag) (and hence also of e(Ag)). Suppose that e(Ag) returns an n x n-matrix. Then,
by assumption e(Ag)-T =T -e(Ag) and e(Ay)-T*=T*-e(Ag). It then follows,
using that the operation * is an involution ((4*)* = A) and (A- B)* = B*- A*, that

(e(Ag))"-T=(T"-e(Ag))*=(e(An)-T*)*=T-(e(An))",
and similarly,

(e(Ap))*-T*"=(T-e(An))" =(e(Ag)-T)"=T"(e(4g))".
Furthermore, when e(Ag) is an n x 1-vector, we have by assumption that e(Ag) =
T-e(Ag)and e(Ag)=T*-e(Ag). Hence, (e(Ag))* - T =(T*-e(Ag))*=(e(ARn))*
and (e(Ag))*-T*=(T-e(Ag))* =(e(Ag))*.Similarly, whene(Ag) isa 1 xn-vector,
one can verify that ((e(Ag))* =T -(e(Ag))* and (e(Ap))* =T"*-(e(Ag))*. Finally,
if e(Ag) is a sentence then clearly (e(Ag))* =(e(An))*. O

We next consider pointwise function applications. Later in the paper we show that
pointwise function applications on vectors or matrices do add expressive power. By
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contrast, when such function applications are only allowed on scalars they do not add
any expressive power. More precisely, let f :¥*— be a function in Q. We denote by
applys[.f1(e1,...,ex) the application of f on e;(X),...,ex(X) when each ¢;(X) is a
sentence.

Lemma 5.5 Let ML(L) be any matrix query language fragment. Consider two graphs
G and H of the same order and sentences e;(X),ez(X),...,ex(X) in ML(L). Let
f *— be a function in Q. Suppose that for eachi =1, ...k, e;(Ag) =e;(Ag) (i.e.,
they are T-similar for any matrix T ). Then also apply[f](e1(Ag),...,ex(Ag)) =
applys[f1(e1(An),....ex(An)) (i.e., they are T -similar as well).

Proof This is straightforward since the result of a function f :¥— is fully determined
by its input values. O

Given these lemmas, we can infer that the characterisation given in Proposition 5.2
remains to hold for ML(-,tr, 4+, x,*,apply.[ f], f € Q)-equivalence.

Corollary 5.1 For two graphs G and H of the same order, G =m(.,vr) H if and only
if G =ML tr+.x.* apply.[f1.fe) H - d

Proof We only need to show that G =my (., H implies G =MmL(.,tr,+,x,* apply.[ 1. £ €2)
H. By Proposition 5.2, there exists an orthogonal matrix O such that Ag-O =
O - Ap . Furthermore, we have that O*- Ag =(Ag-0)*=(0-Ag)*=Ap-O* since
Ag and Ay are symmetric real matrices. Hence, Ay and Ag are O*-similar. We also,
importantly, observe that O* is an orthogonal matrix as well. Lemmas 5.1 and 5.2 then
imply that e(Ag) and e(Ag) are O-similar, and e(Ag) and e(Ag) are O*-similar
for any expression e(X) in ML(-,tr). Furthermore, Lemmas 5.3, 5.4 and 5.5 imply
that addition, scalar multiplication, complex conjugate transposition and pointwise
function applications on scalars preserve O and O*-similarity. This in turn implies
that e(Ag) =e(Ag) for any sentence e(X) € ML(-, tr,+, %X, *,apply[f], f €2). O

As a consequence, the graphs G; ([:]) and H; (<) from Example 5.1 cannot be
distinguished by sentences in ML(-,tr,+,x,*,apply[f], f €R). As we will see
later, including any other operation from Table 3.1, such as 1(-), diag(-) or pointwise
function applications on vectors or matrices, allows us to distinguish G; and H;.

6 The impact of the 1(-) operation

The 1(-) operation, which returns the all-ones vector 1!, allows to extract other
information from graphs than just the number of closed walks. Indeed, consider the
sentences

#walky (X):= (1(X))*- X*-1(X) and #walk] (X):=tr(X*-1(X)),
in ML(-,*,1) and ML(-,tr,1), respectively. When applied on adjacency matrix Ag
of a graph G, #walke(Ag) (and also #walk} (Ag)) returns the number of (not

1 We use 1 to denote the all-ones vector (of appropriate dimension) and use 1(-) (with brackets) for the
corresponding one-vector operation.
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necessarily closed) walks in G of length k. In relation to the previous section, co-
spectral graphs have the same number of closed walks of any length, yet do not
necessarily have the same number of walks of any length. Similarly, graphs with the
same number of walks of any length are not necessarily co-spectral.

Example 6.1 Tt can be verified that the co-spectral graphs G; ([-]) and H; ((X) of
Example 5.1 have 16 versus 20 walks of length 2, respectively. As a consequence,
ML(-,*,1) and ML(-,tr,1) can distinguish G; from H; by means of the sentences

#walk,(X) and #walk},(X), respectively. By contrast, the graphs G, (@O) and

H, (é ) are not co-spectral, yet have the same number of walks of any length.

It is easy to see that G, and H, are not co-spectral (apart from verifying that their
spectra are different): H, has 12 closed walks of length 3 (because of the triangles),
whereas G, has no closed walks of length 3. As a consequence, ML(-,tr) (and thus
also ML(-,tr,1)) can distinguish G, and H,. We argue below that G, and H, have
the same number of walks of any length and show that ML(-,*,1) cannot distinguish
G2 and H2. O

The previous example illustrates the key difference between ML(-,*, 1) and ML(-, tr, 1).
The former can only detect differences in the number of walks of certain lengths, the
latter can detect differences in both the number of walks and closed walks of certain
lengths.

Graphs sharing the same number of walks of any length have been investigated
before in spectral graph theory [17,18,39,61]. To state a spectral characterisation, the
so-called main spectrum of a graph needs to be considered. The main spectrum of a
graph is the set of eigenvalues whose eigenspace is not orthogonal to the 1 vector. More
formally, consider an eigenvalue A and its corresponding eigenspace, represented by
a matrix V' whose columns are eigenvectors of A that span the eigenspace of A. Then,
the main angle B, of A’s eigenspace is \/LZHVt-]le, where | -], is the Euclidean
norm. The main eigenvalues are now simply those eigenvalues with a non-zero main
angle. Furthermore, two graphs are said to be co-main if they have the same set
of main eigenvalues and corresponding main angles. Intuitively, the importance of
the orthogonal projection on 1 stems from the observation that #walk,(Ag) can be
expressed as Y, A¥ ﬁi,- where the A;’s are the distinct eigenvalues of A¢. Clearly, only
those eigenvalues A; for which f8;, is non-zero matter when computing #walky (A¢).
This results in the following characterisation.

Proposition 6.1 (Theorem 1.3.5 in Cvetkovié et al. [19]) Two graphs G and H of
the same order are co-main if and only if they have the same number of walks of
length k, for every k > 0. O

Furthermore, the following proposition follows implicitly from the proof of The-
orem 3 in van Dam et al. [68]. This proposition is also explicitly proved more recently
in Theorem 1.2 in Dell et al. [25] in the context of distinguishing graphs by means of
homomorphism vectors HOMx(G) and HOMz(H') where F consists of all paths.

Proposition 6.2 Two graphs G and H of the same order have the same number of
walks of length k, for every k >0, if and only if there is a doubly quasi-stochastic
matrix Q such that Ag-Q=0Q-Ap. O
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Example 6.2 (Continuation of Example 6.1) Consider the subgraph G3 (O) of G,

and the subgraph Hj (i) of H,. It is readily verified that there exists a doubly
quasi-stochastic matrix Q such that Ag,-Q = Q- Ap,. Indeed, Ag, - Q is equal to

001001 005001 005003 001001
000110 0003520 0005250 000110
100010 300030|_1300030 100010
010001 01000%_01000% 010001}’
011000 0%%000 O%%OOO 011000
100100 300300 1003100 100100
whichis equal to Q - A ,. Hence by Proposition 6.2, G and Hj have the same number
of walks on any length. O

Just as for the fragment ML(-,tr) (Proposition 5.2), it turns out that sentences
in ML(-,*,1) can only extract information from adjacency matrices related to the
number of walks in graphs. More precisely,

Proposition 6.3 Let G and H be two graphs of the same order. Then, G =m(. 1) H
if and only if G and H have the same number of walks of any length.

Proof 1t is straightforward to show that G =m(.,«,1) H implies that G and H must
have the same number of walks of any length. This follows from the same argument
as given in the proof of Proposition 5.2. For the converse, we use the characterisation
given in Proposition 6.2. That is, if G and H have the same number of walks of any
length, then there exists a doubly quasi-stochastic matrix Q suchthat Ag- Q=0 -Ag.
In other words, Ag and Agy are Q-similar. We then show that when Ag and Ay
are (-similar, for a doubly quasi-stochastic matrix Q, then e(Ag) =e(Ay) for all
sentences e(X) in ML(-,*,1). We here rely on a more general result (Lemma 6.1
below), which states that T -similarity is preserved by the operation 1(-) provided
that 7" is a quasi-stochastic matrix 7', i.e., 7 -1 =1. We again separate this Lemma
from the current proof because we need it also later in the paper. This suffices
to conclude that expressions in ML(-,*,1) preserve Q-similarity. Indeed, to deal
with complex conjugate transposition, we note that Ag-Q = Q- Ay implies that
Ag-Q*=(Q-Ag)*=(Ag-Q)*=Q*-Ag since Ag and Ay are symmetric real
matrices. Furthermore, since Q is a real matrix and quasi doubly-stochastic, also
Q*-1=1 holds. That is, Q* is a (doubly) quasi-stochastic matrix as well. Hence,
Lemmas 5.1 and 6.1 imply that Q-similarity and Q *-similarity are preserved by
matrix multiplication and the one-vector operation. Combined with Lemma 5.4, we
may indeed conclude that Q -similarity and Q *-similarity is also preserved by complex
conjugate transposition. Hence, by induction on the structure of expressions, e(Ag) =
e(Ap) for any sentence e(X) e ML(-,*,1). O

We now show that 7'-similarity is preserved under the one-vector operation for
any quasi-stochastic matrix 7. In fact, since the result of 1(-) is only dependent on
the dimensions of the input, we have do not even need the T -similarity assumption
on the inputs.
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Lemma 6.1 Let Ag and Ay be two adjacency matrices of the same dimensions. Let
e1(X) be an expression in ML(L) for any L. Then, 1(e;(Ag)) and 1(e,(Ag)) are
T -similar for any quasi-stochastic matrix T .

Proof The proof is straightforward. Let e(X):=1(e;(X)). We distinguish between
the following cases, depending on the dimensions of e;(Ag). If e;(Ag) is an nxn-
matrix or nx 1-vector, then e(Ag) =e(Ay)=1and e(Ag)=1=T-1=T-e(Ap).
Furthermore, if e, (Ag) is a 1 xn-vector or sentence, then e(Ag) =e(Ay)=[1] and
thus these agree and are T -similar. O

We next turn our attention to ML(-,tr, 1). We know from Propositions 5.1 and 5.2
that G =mu(.,tr,1) H implies that G and H are co-spectral. Combined with Propo-
sition 6.1 and the fact that the sentence #walk} (X) counts the number of walks of
length k, we have that G =my(.,tr,1) H implies that G and H are co-spectral and
co-main. The following is known about such graphs.

Proposition 6.4 (Corollary to Theorem 2 in Johnson and Newman [46]) Tio co-
spectral graphs G and H of the same order are co-main if and only if there exists an
orthogonal matrix O such that Ag-O=0-Ag and O-1=1. ]

In other words, G =mL(.,+r,1) H implies the existence of an orthogonal matrix O
such that O-1=1 (i.e., O is also quasi-stochastic) and Ag- O = O - Ay. We can now
use Lemmas 5.1, 5.2 and 6.1 to show the converse. Indeed, these lemmas combined
tell us that Ag-O = 0O-Ag implies that e(Ag) =e(Ag) for any sentence e(X) in
ML(-, tr,1). As a consequence:

Proposition 6.5 For two graphs G and H of the same order, G =mi(.,wr,1) H if and
only if G and H have the same number of closed walks and the same number of walks
of any length if and only if Ag-O = 0-Ap for an orthogonal matrix O such that
O-1=1. O

We can also phrase ML(-, tr, 1)-equivalence in terms of homomorphism vectors. That
is, G =mL(.,tr,1) H if and only if HOMx(G) =HOMx(H ), where F now consists of
all cycles and paths. This complements the results in Dell et al. [25].

As a note aside, an alternative characterisation to Proposition 6.4 (Theorem 3 in
van Dam et al. [68]) is that G and H are co-spectral and co-main if and only if both G
and H and their complement graphs G and H are co-spectral. Here, the complement
graph G of G is the graph with adjacency matrix given by J —Ag—1I, where J is the
all-ones matrix, and similarly for H.

Example 6.3 (Continuation of Example 6.1) Consider the subgraph G4 (@) of G,

and the subgraph H, ( /}\.) of H,. These are known to be the smallest non-isomorphic
co-spectral graphs with co-spectral complements (see e.g., Figure 4 in [38]). From the
previous remark it then follows that G, and H, have the same number of (closed) walks
of any length. These graphs are thus indistinguishable by sentences in ML(-,*, 1) and
ML(-,tr,1). Combined with our earlier observation in Example 6.2 that also G;
and H; have the same number of walks, we may conclude that the disjoint unions

A
G,=G3UG, (@ O) and H,=H;UH, (v/}\) have the same number of walks of
any length, as anticipated in Example 6.1. O
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We remark that as a consequence of Propositions 6.3 and 6.5, G =mi(.,tr,1) H
implies that G =my(. »,1) H. We already mentioned in Example 6.1 that the graphs

G, (@ Q) and H, (é /}\) show that the converse does not hold.

We conclude again by observing that addition, scalar multiplication and point-
wise function application on scalars can be added to ML(-,*,1) and ML(-,tr,1) at
no increase in expressiveness. Similarly, conjugate transposition can be included in
ML(-,tr,1).

Corollary 6.1 Let G and H be two graphs of the same order. Then,

(]) G EML(.’*,ﬂ’+’x,app|ys[f]’f€fz) H ifand OI’lly lfG EML(-,*,]I) H,' and
(2) G =ML(,*,tr,1,+,x.3pplys[f1.re@) H if and only if G =mi(. w1y H.

Proof (1) We only need to show that G =w (. +,1) H implies G =mL(. * 1, +,x,apply. [ /1. /€2)
H . Wehave that G = (. +,1) H implies Ag - Q = Q - Ay for a doubly quasi-stochastic
matrix Q (Proposition 6.3). Furthermore, in the proof of Proposition 6.3 we have
shown that Ay -Q*=Q%*-Ag where Q* is again a doubly quasi-stochastic matrix.
Lemmas 5.1, 5.3, 5.4, 5.5 and 6.1 imply that Q-similarity and Q*-similarity are
preserved by all operations in ML(-,*,1,+, %, apply,[ f], f € ).

(2) We only need to show that G =y, tr,1) H implies G =mL(.,*, tr,1,+,x,apply. [ /], £ €2)
H. We have that G =w(. tr,1) H implies Ag-O = O - Ay for an orthogonal quasi-
stochastic matrix O (Proposition 6.5). We observe that Ay - O* = O* - A and further-
more, O*-1=0%*-0-1=1. Hence, O* is an orthogonal quasi-stochastic matrix as
well. Lemmas 5.1, 5.2,5.3,5.4,5.5 and 6.1, imply that O-similarity and O *-similarity
are preserved by all operations in ML(-, *,tr, 1, +, x, apply[ f], f € ).

In both cases, we can therefore conclude, by induction on the structure of ex-
pressions, that for any sentence e(X), e(Ag) and e(Ay) are similar and hence,
e(Ag)=e(Ap). |

As we will see later, including any other operation from Table 3.1, such as diag(-)
or pointwise function applications on vectors or matrices, allows us to distinguish G4
and H,. We recall from Example 6.3 that these graphs cannot be distinguished by
sentences in ML(-,*,1) and ML(-,tr,1).

7 The impact of the diag(-) operation

We next consider the operation diag(-) which takes a vector as input and returns
the diagonal matrix with the input vector on its diagonal. The smallest fragments
in which vectors (and sentences) can be defined are ML(-,tr,1) and ML(-,*,1).
Therefore, in this section we consider equivalence with regards to ML(-,tr, 1,diag)
and ML(-,*,1,diag). Using diag(-) we can again extract new information from graphs,
as is illustrated in the following example.

Example 7.1 Consider graphs G4 (@) and H, ( /I\) In G4 we have vertices of
degrees 0 and 2, and in H, we have vertices of degrees 1, 2 and 3. We will count the
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number of vertices of degree 3. Given that we know that 3 is an upper bound on the
degrees of vertices in G4 and H,4, we consider the sentence #3degr(X) given by

(é) X (1(X))* - (diag(X - 1(X)—0x1(X))- diag(X - 1(X)— 1 x1(X))

- diag(X -Jl(X)—Zx]l(X))) -1(X),
in which we, for convenience, allow addition and scalar multiplications. Each of the
subexpressions diag(X - 1(X)—d x1(X)), for d =0, 1 and 2, sets the diagonal entry
corresponding to vertex v to 0 when v has degree d. By taking the product of these
diagonal matrices, entries that are set to 0 will remain zero in the resulting diagonal
matrix. This implies that the only non-zero diagonal entries are those corresponding to
vertices of degree different from O, 1 and 2. In other words, only for vertices of degree
3 the diagonal entries carry a non-zero value, i.e., the value 6=(3—0)(3—1)(3—2).
By appropriately rescaling by the factor é, the diagonal entries for the degree three
vertices are set to 1, and then summed up. Hence, #3degr(X) indeed counts the
number vertices of degree three when evaluated on adjacency matrices of graphs
with vertices of maximal degree 3. Since #3degr(Ag,) =[0]#[1] =#3degr(4n,)
we can distinguish G4 and H,. We can obtain similar expressions for #ddegr(X) for
arbitrary d, provided that we know the maximal degree of vertices in the graph. The
way that these expressions are constructed is similar to the so-called Schur-Wielandt
Principle indicating how to extract entries from a matrix that hold specific values
by means of pointwise multiplication of matrices (see e.g., Proposition 1.4 in [58]).
Here, we do not have pointwise matrix multiplication available but since we extract
information from vectors, pointwise multiplication of vectors is simulated by normal
matrix multiplication of diagonal matrices with the vectors on their diagonals. O

The use of the diagonal matrices and their products as in our example sentence
#3degr(X) can also be generalised to obtain information about so-called iferated
degrees of vertices in graphs, e.g., to identify and/or count vertices that have a number
of neighbours each of which have neighbours of specific degrees, and so on. Such
iterated degree information is closely related to equitable partitions and fractional
isomorphisms of graphs (see e.g., Chapter 6 in [62]). We phrase our results in terms
of equitable partitions instead of iterated degree sequences.

7.1 Equitable partitions

Formally, an equitable partition V ={V1,...,V,} of G is partition of the vertex set
V of G such that for all i, j =1,...,£ and v,v" €V}, deg(v, V;) =deg(v’, V;). Here,
deg(v, V;) is the number of vertices in V; that are adjacent to v. In other words, an
equitable partition is such that the graph is regular within each part, i.e., all vertices
in a part have the same degree, and is bi-regular between any two different parts, i.e.,
the number of edges between any two vertices in two different parts is constant. A
graph always has a trivial equitable partition: simply treat each vertex as a part by its
own. Most interesting is the coarsest equitable partition of a graph, i.e., the unique
equitable partition for which any other equitable partition of the graph is a refinement
thereof [62]. The conditions underlying equitable partitions can be equivalently stated
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in terms of adjacency matrices and indicator vectors describing the partition. More
precisely, any partition V ={V1,..., V;} of V can be represented by £ indicator vectors
1y,,...,1y, such that: (i) (1y,),=1ifveV; and (1y,),=0if vV}, fori=1,....L.
We observe that 1= Zle 1y, due to V being a partition. Then, V is an equitable
partition if and only if forall i, j =1,...,¢,

diag(Ly;)- Ag -1y, =deg(v,V;)x1y,,
for some (arbitrary) vertex v e V;.

Two graphs G and H are said to have a common equitable partition if there exists an
equitable partition V= {V1,..., V;} of G and an equitable partition W= {W;,..., Wy}
of H such that (a) the sizes of the parts agree, i.e., |V;|=|W;| foreachi=1,...,¢,
and (b) deg(v, V;) =deg(w, W;) foranyveV; and we W; and any i, j =1,...,£. We
note that, due to condition (b), the trivial partition of graphs do not always result in
a common equitable partition. In other words, not every two graphs have a common
equitable partition. Proposition 7.1 below characterises when two graphs do have a
common equitable partition. Furthermore, when two graphs have a common equitable
partition they also have a common coarsest equitable partition (see e.g., Theorem 6.5.1
in [62]).

Equitable partitions naturally arise as the result of the colour refinement proce-
dure [7,35,69], also known as the 1-dimensional Weisfeiler-Lehman algorithm, used
as a subroutine in graph isomorphism solvers. Furthermore, there is a close connection
to the study of fractional isomorphisms of graphs [62,65], as already mentioned in
the Introduction. We recall: two graphs G and H are said to be fractional isomorphic
if there exists a doubly stochastic matrix S such that Ag-S =S+ Ap. Furthermore,
a logical characterisation of graphs with a common equitable partition exists, as is
stated next.

Proposition 7.1 (Theorem 1 in Tinhofer [65], Section 4.8 in Immerman and
Lander [44]) Let G and H be two graphs of the same order. Then, G and H are
fractional isomorphic if and only if G and H have a common equitable partition if
andonly if G=c2 H. O

Example 7.2 The matrix linking the adjacency matrices of G; (O) and H, (é) in

Example 6.2 is in fact a doubly stochastic matrix (all its entries are either O or %).
Hence, G; and H3 have a common equitable partition, which in this case consists of a
single part consisting of all vertices. By contrast, graphs G, (@ O) and H, (@ /}\)
do not have a common equitable partition. Indeed, fractional isomorphic graphs must
have the same multiset of degrees, i.e., the same multiset consisting of the degrees of
vertices (Proposition 6.2.6 in [62]), which does not hold for G, and H,. Indeed, we
note that there is an isolated vertex in G, but not in H,. For the same reason, G ([*])

and H; (<), and G4 (@) and H, ( /}\) are not fractional isomorphic. |

To relate equitable partitions to ML(-, tr, 1, diag)- and ML(-,*, 1, diag)-equivalence,
we show that the presence of diag(-) allows us to formulate a number of expressions,
denoted by egpart; (X), for i =1,..., £, that together extract the coarsest equitable
partition from a given graph. By applying these expressions on Ag and Ay, one can
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Algorithm 1: Computing the coarsest equitable partition based on algorithm GDCR [48].

Input : Adjacency matrix A of G of dimension n xn.
Output : Indicator vectors of coarsest equitable partition of G.
Let BO:=1;
Leti=1;
while i <n do
Let M@ :=Ag-BU—D;
Let V® := {Vl(i), . V((i’-)} a partition such that v, w € V}” if and only if M = MY);
(). — . 1
Let BY) .= []].Vl(,) 5o "’]]'V;:_}]’

Y T R SR

7 Leti=i+1;

8 Return BY,

use sentences to detect whether these partitions witness that G and H have a common
equitable partition. In this subsection, £ can be either {-,tr,1,diag} or {-,*, 1, diag}.

Proposition 7.2 Let G and H be two graphs of the same order. Then, G =wm () H
implies that G and H have a common equitable partition.

Proof We first show that ML (L) has sufficient power to compute the coarsest equitable
partition of a given graph G. In fact, we use addition and scalar multiplication in order
to compute these partitions. We denote by £ the extension of £ with + and x. When
it comes to the equivalence of graphs, it does not matter whether we consider ML(L)-
or ML(L™)-equivalence 2. Indeed, expressions in ML(£™) only use linear (or bilinear)
operations, i.e., the operations supported in £ and 4+ and x. This implies that any
sentence in ML(L™) can be written as a linear combination of sentences in ML(L).
As a consequence, G =m(z) H implies G =mic+) H. Since G =wmo+) H trivially
implies G =wmi(¢) H, we have that G = (c+) H if and only if G =m(g) H. So, we
may indeed use expressions in ML(L™) instead of ML(L)

To compute the indicator vectors of an equitable partition, we implement the
algorithm GDCR for finding this partition [48]. We recall this algorithm (in a slightly
different form than presented in Kersting et al. [48]) in Algorithm 1. In a nutshell, the
algorithm takes as input A, the adjacency matrix of G, and returns a matrix whose
columns hold indicator vectors that represent the coarsest equitable partition of G.

The algorithm starts, on line 1, by creating a partition consisting of a single part
containing all vertices, represented by the indicator vector 1, and stored in vector
B© _ Then, in the i " step, the current partition is represented by ¢;_; indicator vectors
]lVl("*” yeees :U_V((ifl) which constitute the columns of matrix B¢~Y. The refinement of

i—1

this partition is then computed in two steps. First, the matrix M @ := A5 - B~V (line

4) is computed; Second, each 1, -1 is refined by putting vertices v and w in the same
J

part if and only if they have the same rows in M@, i.e., when M® = M () holds (line

5). The corresponding partition V@ is then represented by, say ¢;, indicator vectors

and stored as the columns of B (line 6). This is repeated until no further refinement

2 We remark that we cannot rely yet on the similarity preservation Lemma 5.3 to show that G =y o+, H
ifand only if G =m () H . Indeed, at this point we do not know yet for what kind of matrices 7', T -similarity
is preserved by the diag(-)-operation. This will only be settled in Lemma 7.1 later in this section.
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of the partition is obtained. At most n iterations are needed. The correctness of the
algorithm is established in [48]. That is, the resulting indicator vectors represent
indeed the coarsest equitable partition of G.

We next detail how a run of the algorithm can be simulated using expressions
in ML(L"). Let us fix the adjacency matrix Ag. The initialisation step is easy: We
compute B©® by means of the expression b (X):=1(X). Clearly, B® =5©(A4;).
Next, suppose by induction that we have £;_; expressions bii_l)(X ). ,bg:ll)(X )
such that when these expressions are evaluated on Ag, they return the indicator vectors
stored in the columns of BY~V, That is, ILV;H) =b_§’_l)(AG) forall j=1,...,4;_;.

We next show how the i iteration is simulated.

We first compute the £;_; vectors stored in the columns of M @ (line 4). We
compute these column vectors one at a time. To this aim, we consider expressions

mP(X):=X-b{"V(X), forj=1,...4_.
Clearly, my)(AG) =MD, as desired.

*,7°
A bit more challenging is the computation of the refined partition in V@ (line 5)
since we need to inspect all columns M| f ; and identify rows on which all these columns
agree, as explained above. It is here that the diag(-) operation plays a crucial role.
Moreover, to compute this refined partition we need to know all values occurring in
M ® _The expressions below depend on these values and hence on the input adjacency

matrix (i.e., different inputs may lead to different values in M ©).

Let D;i) be the set of values occurring in the column vector M,f’j, for j =
1,....4;—y. We compute, by means of an ML(L) expression, an indicator vector
which identifies the rows in ij that hold a specific value ¢ € D;’). This expression is
similar to the one used in Example 7.1 to extract vertices of degree 3 from the degree
vector. More precisely, we consider expressions

1‘;‘2;/‘()():( ! )x(( I1 diag(mj.“(X)—c/xﬂ(X)))-1(X)),

rep® wa(C—C") )
l—lc €D}’ c'#c c’eDﬁ-”,c’;éc

for the current iteration i, column j in M @ and value c € DY, The correctness of
these expressions follows from a similar explanation as given in Example 7.1. Given
these expressions, one can now easily obtain an indicator vector identifying all rows
in M@ that hold a specific value combination (cy,...,cg,_,) in their columns, where
eachc; € Dy), as follows:

19 [i_l)(X) =diag(]l(i)!‘ (X))----- diag(:ﬂ_(i)ali—ll (X))-1(X).

=(C1,...,C =c =cq¢;_

@)
J

That is, we simply take the boolean conjunction of all indicator vectors Jl(zl)clf (X), for

j=1,...,4;_;. We note that ]1(=i)(c1 o )(AG) may return the zero vector, i.e., when
""" i—1

(c1,...,¢q_,) does not occur as a row in M @, We only need value combinations that
occur. Suppose that there are ¢; distinct value combinations (cy,...,cy,_,) for which

]1(=i)(61 ¢, (Ag) returns a non-zero indicator vector. We denote by bgi)(X )suuns
sl

be(’j)(X ) the corresponding expressions of the form 19 . (X). It should be
i “i—1

=(C1 5+eesC

clear that bii)(AG), v ,bg)(AG) are indicator vectors corresponding to the refined
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partition V@ as stored in B®. This concludes the simulation of the i " iteration of the
algorithm.

Finally, after the n'" iteration we define

eqpart; (X):=b"(X),
fori =1,...,¢,. In the following, we denote ¢, by £. We remark once more that all
expressions defined above depend on the input Ag, as their definitions rely on the
values occurring in the matrices M @ computed along the way.

Recall that we want to show that if G =i (c+)H holds, then G and H have
a common equitable partition. To this aim we show that vectors eqpart; (Ag), for
i=1,...,£, correspond to an equitable partition of H and that this partition, together
with the one for G represented by eqpart; (Ag), fori =1,...,£, show that G and H
have a common equitable partition.

The challenge is to check all this by means of sentences in ML(L™). Below,
we provide the description for sentences in ML(-,*,1,diag, +, x). We note, how-
ever, that a minor modification of these sentences suffices such that they belong to
ML(-,tr,1,diag, +, x). Hence, the proof works for ML(L£)-sentences.

Indeed, in the sentences below we will use conjugate transposition. In particular
we only use it to sum up entries in a vector. That is, when conjugate transposition is
used, it is in the form of (1(X))*-e(X) for some expression e(X) which evaluates to
a (column) vector. It now suffices to consider the expression tr(diag(e(X))) instead
to turn the ML(-,*,1,diag, +, x)-sentences into ML(-,tr, 1,diag, +, X)-sentences.

With this in mind, we refer to the sentences below simply as ML(L™")-sentences
where £ can be either {-,tr,1,diag} or {-,*,1,diag}. We will need the following
sentences.

1. Foreachi=1,...,£, we first check whether eqpart; (Ay) is also a binary vector
containing the same number of 1’s as eqpart; (4¢). We note that, by construction
of the expression eqpart; (X), eqpart; (A i) returns a real vector. To check whether
every entry in eqpart; (Ag) is either 0 or 1, we show that all of its entries must
satisfy the equation x (x —1) =0. To this aim, we consider the ML(L™) sentence

binary_diag(X):= (1(X))*- ((X X-X)- (X -X—X)) -1(X).
We claim thatif X is assigned a diagonal real matrix, say A, then binary_diag(A) =
[0] if and only if A is a binary diagonal matrix.
Indeed, if A is a binary diagonal matrix, then A-A=A, A-A—A =7, where Z
is the zero matrix, and hence binary_diag(A) =1%- Z - Z -1 =[0]. Conversely, sup-
pose that binary_diag(A) =[0]. We observe that (A-A—A)-(A-A—A)is adiag-
onal matrix with squared real numbers on its diagonal. Hence, binary_diag(A) =
[0] implies that the sum of the (squared real) diagonal elements in A-A—A is
0. This in turn implies that every element on the diagonal in A-A—A must be
zero. Hence, every element on A’s diagonal must satisfy the equation x2—x =0,
implying that either x =0 or x =1. As a consequence, A is a binary diagonal
matrix.
We observe that binary_diag(diag(eqpart; (Ag))) =[0] since eqpart; (Ag) returns
an indicator vector. Then, G =y (¢+) H implies that the equality

binary_diag(diag(egpart; (4¢))) = [0] =binary_diag(diag(eqpart; (A5 ))),
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must hold, for all i =1, ..., £. Hence, the matrices diag(eqpart; (A )) are indeed
binary and so are its diagonal elements described by eqpart; (A g ), as desired.

In addition, we also need to check whether eqpart;(Ag) has the same num-
ber of entries set to 1 as eqpart;(Ag). For this, it suffices to consider the sen-
tence (1(X))*-eqgpart; (X). Clearly, G =m(c+) H implies that 1* -eqpart; (Ag) =
1*-eqpart;(Ag), fori =1,...,£. Hence, eqpart; (Ag) and eqpart; (Ag) contain
the same number of ones.

2. We next verify that all indicator vectors eqpart; (A g ) combined form a partition of
the vertex set of H . To verify this partition condition, we check whether for any two
different i, j =1,...,¢, the entries in the vectors eqpart; (Ax) and eqpart;(Ag)
holding a 1 are distinct. This is done by observing that for binary diagonal matrices
A; and A,, A+ A, holds on its diagonal the conjunction of the binary vectors on
the diagonals of A; and A,, respectively. If we want to test that all positions in
which A; and A, carry value 1 are different, A;-A, should be the zero matrix
Z . It now suffices to consider the following sentences

partition_test; ;(X):= (1(X))" - diag(eqpart; (X)) - diag(eqgpart; (X)) - 1(X),
fori,j=1,...,£andi # j.Then, because partition_test;; (4¢) = [0] we have that
G =mi(c+) H implies that for i, j =1,....¢,i # j,

partition_test;; (A¢) = [0] = partition_test;; (4 #).
Hence, the indicator vectors eqpart; (Ag ), fori =1,...,£, are all pairwise disjoint.
Furthermore, we know that the vectors eqpart; (4¢) form a partition. Since we have
just shown that eqpart; (Ax) and eqpart; (Ag) contain the same number of ones,
the disjointness of the vectors eqpart; (A g) implies that these also correspond to
a partition of the vertex set of H.

To conclude the proof, we argue that the partition W={W,,..., W;} of H, rep-
resented by the indicator vectors eqpart;(Ag), is an equitable partition. Moreover,
consider the equitable partition V={V1,...,V,} of G, represented by the indicator
vectors eqpart; (Ag). We show that G and H have acommon equitable partition, given
by V and WW. We observe that we already know that |V;|=|W;| forevery i =1,...,¢.
To show that G and H have a common equitable partition, it suffices to show that for
any i, j=1,...,£, deg(v,V;) =deg(w, W;) for any v e V; and any w € W;.

3. As already mentioned at the beginning of this section, we can rephrase “being
equitable” in linear algebra terms. In particular, we know that forany i, j =1,..., %,
diag(eqpart; (Ag))- Ag - diag(eqpart; (Ag)) -1 —deg(v, V;) xeqpart; (Ag)
returns the zero vector, where v is an arbitrary vertex in V;, the part corresponding
to the indicator vector eqpart; (Ag ). We want to check whether the same condition
holds for A . We therefore consider the expression equi_test(X), given by

diag(diag(eqparti(X)) - X - diag(eqpart; (X)) -1(X)—deg(v, V;) xeqpart; (X))

and check whether, when evaluated on Ay, the obtained diagonal matrix is the
zero matrix. This would imply that also

diag(eqpart; (An))- An - diag(eqpart;(Ag)) - 1—deg(v, V;) xeqpart; (Ax)
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returns the zero vector. As a consequence, VV is an equitable partition of H and
furthermore, deg(w, W;) =deg(v,V;), for any i, j =1,...,£ and vertices v eV,
and w € W;. In other words, G and H do indeed have acommon equitable partition.
It rests us only to show that we can check, by means of sentences, whether a
diagonal matrix is the zero matrix. We use the sentence

zerotest_diag(X):=(1(X))*- X - X -1(X),
for this purpose. A similar argument as for the expression binary_diag(X) shows
that the zerotest_diag(X) expression returns [0] on diagonal real matrices if and

only if the diagonal matrix is the zero matrix. We here again use that a sum
of squares equals zero if and only if each summand is zero. Since we have that

G =wmu(c+) H, zerotest_diag(equi_test(Ag)) = [0] =zerotest_diag(equi_test(Ag)),

as desired.

As mentioned at the beginning of the proof, the ML(L™) sentences obtained can
all be written as a linear combination of sentences in ML(L). So, we may indeed
conclude that ML(L)-equivalence of G and H implies that these graphs have a
common equitable partition. O

7.2 Characterisation of ML(-,*, 1, diag)-equivalence

We first consider the characterisation of ML(-,*,1,diag)-equivalence. We have just
shown that two ML(-,*, 1, diag)-equivalent graphs have a common equitable partition.
The converse also holds, as will be shown next.

Proposition 7.3 Let G and H be two graphs of the same order. If G and H have

a common equitable partition, then e(Ag)=e(Ag) for every sentence e(X) in
ML(-,*,1,diag).

Proof By assumption, G and H have acommon equitable partition. As a consequence,
they also have a common (unique) coarsest equitable partition (see e.g., Theorem
6.5.1 in [62]). Let V={V1,...,V;} and W={W,,...,W,} be the common coarsest
equitable partitions of G and H, respectively. As before, we denote by 1y, and Ly,
for i =1,...,¢, the corresponding indicator vectors. We know from Proposition 7.1
that there exists a doubly stochastic matrix S such that Ag-S =S-Ag. As previously
observed, also Ay -S*=S8%-Ag holds, where S* is again doubly stochastic. Then,
Lemmas 5.1, 5.4 and 6.1 imply that S-similarity and S*-similarity are preserved by
matrix multiplication, complex conjugate transposition, and the one-vector operation.
To conclude that G =m(.*,1,diag) H holds, we verify that the diag(-) operations also
preserves S- and S*-similarity. We rely on a more general result (Lemma 7.1 below),
which states that 7-similarity, for a matrix T, is preserved by the diag(-) operation
provided that 7" is doubly quasi-stochastic and compatible with the common coarsest
equitable partitions of G and H. We again separate this lemma from the current
proof because we need it later in the paper. The compatibility condition refers to a
block structure condition on matrices. More precisely, if G and H have a common
equitable partition, then consider the common coarsest equitable partitions described
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by the indicator vectors 1y, and 1y, for G and H, respectively. A matrix 7' is now
said to be compatible with respect to 1y, and 1y, fori =1,...,¢, if
diag(ly,)-T =T - diag(1w,),

for i =1,...,£. That is, T has a block structure determined by the partitions and
only has non-zero blocks for blocks corresponding to the same parts in the equitable
partitions. When considering the doubly stochastic matrix S suchthat Ag-S=S-Ay
holds, the matrix .S’ can be assumed to be compatible in the above sense. To see this,
we recall from the proof of Theorem 6.5.1 in [62] that we can take S to be such
that for i # j, diag(ly,)- S - diag(lw,) is the |V;|x|W;| zero matrix, and for i = j,
diag(ly,)-S - diag(1w,) is the square |V;|x|W;| matrix in which all entries are equal
to ~=.

WAls a consequence, if e;(A¢g) and e;(Ap) are S-similar, then Lemma 7.1 implies
that diag(e; (A¢)) and diag(e; (A )) are S-similar. We also note that diag(ly;,) - S* =
S*-diag(1y,). So S§* is compatible with 1y, and 1y,. An inductive argument then
shows that e(A¢) and e(Ag) are S-similar (and thus equal) for any sentence e(X) in
ML(-,*,1,diag), as desired. O

To show that similarity, by means doubly quasi-stochastic matrices that are com-
patible with respect to the common coarsest equitable partitions, is indeed preserved
by the diag(-) operation, requires a bit more work than our previous similarity preser-
vation results. More precisely, we need that vectors obtained by evaluating expressions
in ML(-,*,1,diag) can be written in a canonical way in terms of the indicator vectors
representing the common coarsest equitable partitions of the graphs. We state this
requirement for general matrix query languages, as follows.

Let ML(£) be a matrix query language. Let G be a graph with equitable partition
V={Vi,...,V¢} and let 1y,,...,1y, be the corresponding indicator vectors. We say
that ML(L)-vectors are constant on equitable partitions if for any expression e(X) €
ML(L) such that e(Ag) is an n x 1-vector, then

¢

e(Adg)=Y a;ix1y, (7.1)
i=1

for scalars a; €. Intuitively, this condition is important for the diag(-) operation since
it takes a vector as input and the linear combination (7.1) allows one to only reason
about (linear combinations of) diagonal matrices obtained by the indicator vectors
of the equitable partitions. Compatibility implies similarity preservation for such
(indicator vector-based) diagonal matrices, which can then be lifted, due to linearity,

to similarity of arbitrary diagonal matrices.

Lemma 7.1 Let G and H be two graphs of the same order which have a common
equitable partition. Let ML(L) be a matrix query language fragment such that ML(L)-
vectors are constant on equitable partitions. Let T be a doubly quasi-stochastic matrix
which is compatible with the coarsest common equitable partitions of G and H. Let
e(X) be an expression in ML(L). Then, if e(Ag) and e(Ag) are T -similar, then also
diag(e(Ag)) and diag(e(Ay)) are T -similar.

Proof Let e(X) be an expression in ML(L). Consider now e’(X) :=diag(e(X)). We
distinguish between two cases, depending on the dimensions of e(A¢). First, if e(Ag)
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is a sentence then we know by induction that e(Ag) =e(Ay). Hence,
¢'(Ag) =diag(e(Ag)) =e(Ag) =e(Ay) =diag(e(An)) =¢'(An).
Next, if e(Ag) is a vector, then we know that e(Ag) =T -e(Ay) and furthermore,
since ML(L)-vectors are constant on equitable partitions, that e(Ag) = Zle a; x1y,
and e(Ay) = Zle b; x 1y, . We first show that a; =b;, fori =1,...,£. Indeed, since
T-1=1 and T is compatible with 1y, and 1,, we have that
1y, =diag(ly,)-1=diag(ly,)-T-1=T-diag(1lw,)- 1 =T -1y,.
As a consequence, using that 17}, ‘1, is Oif # j and |V;| if i = j, we obtain
a;x|Vi|=1y, -e(Ag) =1y, - T-e(An)
¢
= byx(1}, T -1y, )=b;x|W].
j=1
foralli =1,...,£. Since |V;| =|W;|#0, we indeed have thata; =b; foralli =1,...,¢.
We may now conclude that

4
¢'(Ag)-T =diag(e(4c))-T=_ a;x(diag(ly,)-T)

i=1

L
= a;x(T-diag(lw,)) =T - diag(e(An)) =T ¢ (An).

i=1

Hence ¢’'(Ag) and ¢’ (A ) are indeed T -similar. O

In the context of Proposition 7.3, i.e., to show that the diag(-) operation preserves
S-similarity (and S*-similarity), we need to verify that ML(-,*,1,diag)-vectors are
constant on equitable partitions. We verify this, in the appendix, by induction on the
structure of expressions in ML(-,*, 1, diag). The key insight is that the base case for
the induction, when e (X ) = X, holds by the assumption that G and H have a common
coarsest equitable partition. In fact, we more generally show the following.

Proposition 7.4 ML(-,*,tr,1,diag, +, x,apply.[f], f € Q)-vectors are constant on
equitable partitions. O

All combined, we obtain the following characterisations.

Theorem 7.1 Let G and H be two graphs of the same order. Then, G =m(. * 1,diag) H
if and only if there is doubly stochastic matrix S such that Ag-S =S - Ay if and only
if G=c2 H if and only if G and H have a common equitable partition. O

Proof This is a direct consequence of Propositions 7.1, 7.2 and 7.3. O

As a consequence, following Example 7.2, sentences in ML(-,*,1,diag) can
distinguish G, (1] and H; (3), G» (@ O) and H, (2 /l\), G, (@) and H, ( /J\),
because all these pairs of graphs do not have acommon equitable partition. By contrast,
G; (O) and H; (i) cannot be distinguished by sentences in ML(-,*, 1, diag).

We remark that G =ML(-,*,1,diag) H if and Ol‘lly if G =ML(-,*,1,diag, +.x,applys [ f1, £ €Q)
H . This is again a direct consequence of the fact that G =m(. ,1,diag) /I implies that
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Ag-S=S-Ay, Ag-S*=S8%-Ag, and that all operations in ML(-,*,1,diag, +, X,
applys[f1, f € ) preserve S-similarity and S*-similarity.

7.3 Characterisation of ML(-,tr, 1, diag)-equivalence

We next consider ML(-,tr, 1, diag)-equivalence. We already know a couple of impli-
cations when G =mL(. tr,1.diag) /1 holds. For example, there must exist an orthogonal
matrix O suchthat O-1=1and Ag- O = O - Ay (Propositions 6.4 and 6.5). Further-
more, we know that G and H must have a common equitable partition and hence,
there exists a doubly stochastic matrix S such that Ag-S =S5-Ag (Proposition 7.1).
It is tempting to conjecture that G =mL. tr,1,diag) /1 if and only if there exists an or-
thogonal doubly stochastic matrix O such that Ag-O = O - Ay. This does not hold,
however. Indeed, invertible doubly stochastic matrices are necessarily permutation
matrices [27]. Then, Ag-O = 0-Ag would imply that G and H are isomorphic,
contradicting that our fragments cannot go beyond C3-equivalence [10]. Instead, we
have the following characterisation.

Theorem 7.2 Let G and H be two graphs of the same order. Then the following
hold: G =mL(.,tr,1,diag) H if and only if G and H have a common equitable partition
and Ag - O = O - Ay for some doubly quasi-stochastic orthogonal matrix O which is
compatible with the common coarsest equitable partition of G and H.

Proof To show that the existence of a matrix O, as stated in the Theorem, implies that
G =ML(.,tr,1,diag) H , We argue as before. More precisely, we show that O-similarity
is preserved by the operations in ML(-, tr,1,diag). This is, however, a direct conse-
quence of Lemmas 5.1, 5.2, 6.1 and 7.1. We remark that Proposition 7.4 guarantees
that Lemma 7.1 can be applied. Indeed, Proposition 7.4 implies that ML(-, tr, 1, diag)-
vectors are constant on equitable partitions. We may thus conclude that all expressions
in ML(-, tr,1,diag) preserve O-similarity. Hence, e(Ag) =e(Ag) for any sentence
e(X)in ML(-, tr,1,diag).

For the converse direction, we need to show that G =mL(., tr,1,diag) H implies that
there exists an orthogonal matrix O such that Ag- O = O - Ay, and where O satisfies
the conditions mentioned in the statement of the Theorem.

The existence of the orthogonal matrix O is shown using Specht’s Theorem (see
e.g., [45]), which we recall next. Let A={A;,...,A,} and B={By,..., B,} be two
sets of complex matrices that are closed under complex conjugate transposition. The
sets A and B are called simultaneously unitary equivalent if there exists a unitary ma-
trix U such that A4;-U =U - B;, fori =1,..., p. Here, a unitary matrix U is such that
U*-U=U-U*=1,itis the complex analogue of a real orthogonal matrix. Specht’s
Theorem provides a means of checking simultaneous unitary equivalence in terms
of trace identities. Indeed, Specht’s Theorem states that .4 and B are simultaneously
unitary equivalent if and only if

tr(w(A;,...,A,))=tr(w(By,...,B)p)),

for all words w(xy,...,x,) over the alphabet {x,,...,x, }. Inexpression w(A4;,...,4,)
we instantiated x; with A; and interpret concatenation in the word w as matrix
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multiplication; Similarly for w(By, ..., B,). Specht’s Theorem also holds when .A and
B are real matrices and similarity is expressed in terms of orthogonal matrices [45].
The required condition is that .4 and B are closed under transposition. We will
rephrase the conditions required for O, i.e., that it is a doubly quasi-stochastic matrix
which is compatible with a common equitable partition of G and H, in terms of
such trace identities. We note that a similar approach is taken by Thiine [64] in the
context of characterising the equivalence of graphs with regards to their 1-dimensional
Weisfeiler-Lehman closure.

We start by defining the sets .4 and 3. Consider the following sets of real symmetric
matrices: A:={Ag,J }U{diag(ly,) |i =1,....£}and B:={Ay, J }U{diag(lw,)|i =
1,...,£}, where 1y, and 1y, denote the indicator vectors corresponding to the coarsest
common equitable partitions in G and H, respectively. We observe that A and B are
closed under transposition. By the real counterpart of Specht’s Theorem we can check
whether there exists an orthogonal matrix O such that

Ac-O0=0-Ag (7.2)

J-0=0-J (7.3)

diag(1ly,)- O = O - diag(1w,), (7.4)

hold, for i =1,...,¢, in terms of trace identities. It is clear that conditions (7.2)

and (7.4) express that Ag and Ay must be O-similar and that O must be compatible
with the coarsest common equitable partition of G and H. The orthogonality of
O is implied by Specht’s Theorem. Condition (7.3) ensures that O-1=1. To see
this, we modify the proof of Lemma 4 in Thiine [64], stated for unitary matrices,
so that it holds for orthogonal matrices. We first observe that 1 is an eigenvector of
O.Indeed, J-0-1=1-(1'-0-1)=ax1 witha=1*-0O-1and J-0-1=0-J -1=
(1t-1)x O -1. In other words, 0-]1:%x]l since 1.1 =n. Furthermore, because
1t-Ot-1lisascalar,1*- Ot-1=(1'- O'-1)* =1*- O -1 = a. We next show that o« = +n.
Indeed, since O is an orthogonal matrix

ot2

n:]lt-l-Jl:llt-Ot-O-le%x(]lt-Ot-]l)=7,

and thus a?> =n? or « = +n. Hence, O -1==+1. When O -1 =1, O is already doubly

quasi-stochastic. In case that O -1 =—1, we simply replace O by (—1)x O to obtain

that O -1 =1. This rescaling does not impact the validity of conditions (7.2) and (7.4).
Hence, O can indeed be assumed to be doubly quasi-stochastic.

It remains to show that the trace identities implying the existence of an orthogonal

O satisfying conditions (7.2), (7.3) and (7.4) can be expressed in ML(-,tr, 1, diag).

For every word w(x, j,by,...,by) we consider the sentence
ey (X):=tr(w(X,1(X)-(L(X))*,diag(egpart, (X)), ..., diag(egpart,(X)))),
in which variables x, j,by,...,b; are assigned to matrix variable X, expression

1(X)-(1(X))* in ML(-,*,1), and diag(eqgpart; (X)), for i =1,...,¢, respectively.
Here, the expressions eqpart; (X) correspond to the expressions extracting the indi-
cator vectors of the coarsest equitable partition of a graph, as defined in the proof
of Proposition 7.2. We recall from that proof that eqpart; (X) are defined by using
addition and scalar multiplication. As a consequence, the sentences e,,(X) belong
to ML(-,*,tr,1,diag, 4+, x). Nevertheless, we next argue that G =my(. tr,1,diag) F iM-
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plies that e, (Ag) =ey(Ag) for every word w. First, we observe that the use of
complex conjugate transposition in the sentences e, (X) is very restricted. Indeed,
it only occurs in the form (1(X))*. So, we may assume that e, (X) is a sentence in
ML(-,tr,1,1% diag, +, X), where 1*(-) is the operation that returns the transpose of
1(-). Second, just as in the proof of Proposition 7.2, we note that the sentences e, (X)
only use multilinear operations, and thus can be written as a linear combination of
sentences in ML(-, tr,1,1% diag). As a consequence, G =mi(.,tr,1,1t diag) H implies
already that e, (Ag) =€, (Ag). It remains to show that G =mu(. tr,1,diag) H implies
G =ML(- tr,1.1t diag) H . We prove this in the appendix. Intuitively, in a sentence e(X)
in ML(-, tr,1,1%, diag) every occurrence of 1*(X) appears in a sub-sentence of the
form 1*(X)-e’(X)-1(X) where e’(X) does not contain the 1*(-) operation. Since we
can replace 1%(X)-¢'(X)-1(X) by tr(diag(e’(X)-1(X)) we can find an equivalent
expression for e(X) which does not use 1*(-). Hence, e(X) is equivalent to a sentence
in ML(-,tr,1,diag). Details of this rewriting procedure can be found in the appendix.
O

Note that G =mL(. tr,1,diag) H implies G =mL(. *,1,diag) H . The converse does not
hold.

Example 7.3 Consider G3 (O) and H; (i). These graphs are fractional isomor-
phic but are not co-spectral. Hence, G3 ZmL(.,tr,1.diag) H3 since ML(-,tr,1,diag)-
equivalence implies co-spectrality. On the other hand, G5 (@) and Hs (%) are
co-spectral regular graphs [67], with co-spectral complements, and whose common
equitable partition consists of a single part containing all vertices. In fact, the common
equitable partitions of Gs and Hs consist of the partitions consisting of all vertices
(this holds more generally for any regular graph). Furthermore, since Ag, and Ay,
share 1 as eigenvector (with eigenvalue 4). We know from before that there exists
an orthogonal matrix O such that Ag,-O =0-Ap, and O -1 =1 (this follows from
being co-spectral and co-main). Moreover, the compatibility requirement is vacu-
ously satisfied since it requires diag(1)- O = O - diag(1). Hence, G5 and Hs cannot
be distinguished by ML(-,tr,1,diag) by Theorem 7.2. O

We remark that G =ML(,tr,1,diag) H ifand only ifG =ML(-,* tr,1,diag, +,x,apply [ f], f €2)
H . This is again a direct consequence of the fact that G =mL(. tr,1,diag) F implies that
Ag-O=0-Ag, Ag-O*=0%- Ag, for an orthogonal doubly quasi-stochastic ma-
trix O which is compatible with the coarsest common equitable partitions of G
and H, and that all operations in ML(-,*,tr, 1, diag, +, X, apply.[ f], f € ) preserve
O-similarity and O*-similarity.

7.4 Pointwise function applications on vectors

A crucial ingredient for obtaining characterisations of equivalence in the presence
of the diag(-) operation is that vectors are constant on equitable partitions (Propo-
sition 7.4 and Lemma 7.1). In this way, vectors obtained by evaluating expressions
on Ag and Ay are “almost” the same, up to the use of indicator vectors (see equa-
tion (7.1)). We next show that this tight relationship among vectors allows us to extend
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the matrix query languages considered in this section with pointwise function appli-
cations on vectors. More precisely, we denote by apply,[f], for f €2, that we only
allow function applications of the form e(X):=apply,[f](e;(X),...,e,(X)) where
each e; (X) returns a vector when evaluated on a matrix.

Proposition 7.5 Let G and H be two graphs of the same order.

(1) G =wmL(,*1.diag) H if and only if G =m(.,» 1.diag, +,x,applys[f1.apply, L], fe) H.-
(2) G =wmL( tradiag) H if and only if G =M. » tr,1.diag,+.x, applys[ f1.apply, 11, fe2) H.-

Proof Inview of the previous results, it suffices to show that (1) ML(-,*,1,diag, +, X,
applys[f], f €2)-equivalence implies ML(-,*, 1, diag, +, x, apply,[ f],apply,[f]. f €
Q)-equivalence; and (2) ML(-,*,tr, 1,diag, +, X, apply.[ f], f € 2)-equivalence im-
plies ML(-,*,tr,1,diag, +, %, apply.[f].apply,[f], f € 2)-equivalence. Both impli-
cation follow if we can show that ML(-,*,tr,1,diag, +, X, applys[ f1apply,[ f], f €
2)-vectors are constant on equitable partitions and that apply, [ f], for f €€, pre-
serves similarity of quasi doubly-stochastic matrices that are compatible with the
common coarsest equitable partition of G and H.

For conciseness, let LT denote the {-,*,tr,1,diag, +, %, applys[ f]apply,[f]. f €
Q}, i.e., LT consists of all operations considered so far. Proposition 7.4 trivially
generalizes to ML(LY)-vectors. Indeed, it suffices to show consider the case. Let
e(X):=apply,[f](ei1(X),...,ep(X)), where e;(X),...,e,(X) are expressions in
ML(LT) such that each e; (A¢) returns a vector. We may assume by induction that for
i=1,...,p,e(Ag)= Zi‘:l ay) x 1y, for scalars ay) g, for j =1,...,L. Since the sets
of entries in the indicator vectors holding value 1 are disjoint for any two different
indicator vectors and that the vectors on which f is applied have the same constant
for every entry in the same part, we have that

¢
e(Ag)= Zapplys[f](afl), a?)x1y,.
i=1
So, indeed, ML(L")-vectors are constant on equitable partitions.
That T -similarity is also preserved by pointwise function applications on vectors
now follows easily. Indeed, consider e(X):=apply,[f](ei1(X),....e,(X)). By as-
¢ ()

sumption, e; (Ag) =T -e;(Ag) foralli =1,..., p. Furthermore, e; (Ag) = ijl a;’ x

1y, and e;(Ap) = Zﬁ‘:l bji) x 1w, . We have seen in the proof of Lemma 7.1 that T'-
similarity of these vectors implies a?) =b§-i) for j=1,....0 andi=1,...,p. As a

consequence, e(Ag) is equal to

4
apply, [f1(e1(4c).....ep(Ag)) =Y _apply,[f1(a”.....a")x1y,

i=1

4
= apply,[f1(a{".....al)x (T -1w,)

i=1
=T-apply,[f](e1(4r).....ep(AR)).
which is equal to T -e(Ag), as desired. O
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Going back to the graphs G5 (%) and Hs (%) in Example 7.3, these cannot
even be distinguished by sentences in the large fragments in Proposition 7.5. In the
next section, we show that by allowing pointwise function applications on matrices
(the only operation in Table 3.1 which we did not consider yet), we can distinguish
these graphs.

8 The impact of pointwise multiplication on vectors

In the preceding section the main use of the diag(-) operation related to the construc-
tion of the coarsest equitable partition (see e.g., the proof of Proposition 7.2) and more
specifically, to the ability to pointwise multiply two vectors (see e.g., Example 7.1).
Of course, there is more that one can achieve by means of the diag(-) operation, espe-
cially in combination with the trace operation. In the following, we denote pointwise
vector multiplication by the operation ©®, and investigate how fragments supporting
®, differ from those supporting diag(-).

Example 8.1 Consider the graphs G (@) and Hg (B). On can verify that
these graphs are co-spectral and have a common equitable partition (and thus also
have co-spectral complements). Using the diagonal operation we can construct the
Laplacian of a graph by simply considering expression L (X):= (diag(X -1(X))—X.
It is now easy to detect that G¢ and Hs have Laplacians that are not co-spectral.
Indeed, consider the ML(-,tr,1,diag, +, x) expression e 4 (X) :=tr(L(X)¥). Then,
we can check that ey 3(Ag,) =1602# 1618 =¢, 5(Apn,). The relation between co-
spectrality and traces of powers of matrices (cfr. Proposition 5.1) holds more generally
for symmetric matrices (this follows easily from the real version of Specht’s Theorem
used in the proof of Theorem 7.2). Hence, we can infer that the Laplacians of G¢ and
H are not co-spectral. Another way of verifying this is that G¢ and H, have a different
number of spanning trees (192 versus 160) and Kirchhoft’s matrix tree theorem (see
e.g., Proposition 1.3.4 in [12]) implies that graphs with co-spectral Laplacians must
have the same number of spanning trees. Hence, G¢ and Hg can be distinguished by
ML(-,tr,1,diag, +, x) (and also by sentences in ML(-,tr, 1, diag) since all operations
in ML(-,tr,1,diag, 4, x) are linear). Nevertheless, we will see that G and H¢ cannot
be distinguished by sentences in ML(-,tr,1,1%, ®,)3. More generally, we show that
two graphs are ML(-,tr,1,1% ©,)-equivalent if and only if they are co-spectral and
have a common equitable partition (Proposition 8.4 below). O

In fact, it is for fragments that support the trace and diag(-) operation that one
observes an increase in expressive power compared to fragments supporting the trace
and ©, operation. Indeed, when considering ML(-,*, 1, diag), which does not support
the trace operation, one can equivalently use ©, instead of diag(-).

Proposition 8.1 Let G and H be two graphs of the same order. Then, G =mL(.,*,1,0,)
H if and only if G =mL(. *,1,diag) H -

3 It was incorrectly stated in the conference version that pointwise vector multiplication was equally
powerful as the diag(-) operation.
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Proof The proof is by a straightforward translation between sentences in the two
fragments. Indeed, let e; (X)) and e, (X)) be two expressions in ML(-,*,1,diag) which
evaluate to vectors (on input matrices). Then, e, (X)®,e,(X) is equivalent to the
ML(-,*,1,diag) expression diag(e;(X))- diag(e2(X))-1(X). This implies that we
can inductively replace all occurrences of ©, in an expression in ML(-,*,1,®,) by
expressions in ML(-,*, 1, diag). So, every expression e(X) in ML(-,*, 1, ®,) isequiv-
alentto an expressione’(X) in ML(-,*,1,diag). As aconsequence, G =mL(. *,1,diag) I
implies G =ML(-,*,1,00) H.

For the opposite direction, consider a sentence e(X) in ML(-,*,1,diag). One can
assume such a sentence to be of the form (1(e;(X)))*-e,(X)-1(e3(X)) for some
ML(-,*,1,diag) expressions e;(X), e;(X) and e3(X). Moreover, we can always
replace 1(e; (X)) by either 1(X) or 1(1(X)*) (depending on whether e, (X) evalu-
ates to a matrix or a row vector). Similarly for 1(e;(X)). We can thus assume that
only e,(X) may have occurrences of the diag(-) operation. We here treat the case
when e(X) = (1(X))*-e21(X)- diag(ex2(X))-e23(X)-1(X) for ML(-,*,1,diag) ex-
pressions e51(X), e22(X) and e,3(X). The other cases can be dealt with in a simi-
lar way. It now suffices to observe that diag(ez;(X))-e23(X)-1(X) is equivalent to
€22(X) Oy (e23(X)-1(X)). Hence, we have removed one occurrence of the diag(-)
operation in e(X) and replaced it by an occurrence of ®,. We can proceed in this way
to obtain an expression e’(X) in ML(-,*,1,®,) which is equivalent to e¢(X ). Hence,
also G =pL(. *,1,0,) H implies G =mL(.,*,1.diag) H - O

The above proof fails when the trace operation is present. The reason is that
we can have sentences like ey x(X) in Example 8.1 which are not of the form
(1(X))*-e(X)-1(X). For such sentences, the diag(-) operation cannot be simply
replaced by pointwise vector multiplication.

We next consider ML(-,tr,1%,1,®,) . Here, we incorporate the 1*(-) operation,
introduced in the proof of Theorem 7.2, in order for the trace operation to also
interact with matrices formed by vectors (e.g., one can formulate expressions like
tr(e; (X)-(e2(X))Y), where e, (X) and e,(X) evaluate to vectors). We recall from the
proof of Theorem 7.2 that G =mv(. tr,1,diag) [ if and only if G =mL(. tr.1t,1,diag) H -
Using the translation from ©, into an expression involving the diag(-) operation,
as in the proof of Proposition 8.1, it then follows that G =mi(. tr,1,diag) H implies
G =mL( trat,1,0,) H. We show that the implication from G =mi tr1t,1,0,) H tO
G =ML tr,1.diag) [ does not hold, as anticipated in Example 8.1.

To analyse the distinguishability of graphs by sentences in ML(-,tr, 1%, 1, ®,) we
follow the same approach as for ML(-, tr, 1, diag).

Proposition 8.2 Let G and H be two graphs of the same order. Then, G =mL(. tr.1t,1,0,)
H implies that G and H have a common equitable partition.

Proof Inthe proof of Proposition 7.2 we constructed a set X of sentences in ML(-, *, 1,
diag) such that when e(Ag) =e(Ag) holds, forall e(X) € X, then G and H must have
acommon equitable partition. A close inspection of these sentences shows that we only
need complex conjugate transposition (*) in the form of (1(X))*. We may thus safely
replace (1(X))* by 1*(X) in the sentences in . We next carry out the translation from
sentences in X, as described in the proof of Proposition 8.1, to replace the occurrences
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of diag(+) by ®,. Let us denote by ¥’ the set of ML(-,tr,1%,1,®,) obtained from
¥ in this way. Then clearly, when e¢’(Ag) =e€’(Ay) holds for all ¢’(X) € ¥/, we have
that G and H have a common equitable partition, as desired. O

Furthermore, we can add pointwise vector multiplication to the list of operations
in Proposition 7.4:

Proposition 8.3 ML(-,*,tr,1,diag, ®,,diag, +, X, apply.[f], f € Q)-vectors are con-
stant on equitable partitions.

Proof We verity that ®, can be added in the appendix. O

It remains to identify an appropriate notion of similarity for pointwise vector
multiplication. Let G and H be two graphs that have a common equitable partition.
As before, let V={V1,...,V;} and W={W,,..., W} be such common partitions of
G and H, respectively. The corresponding indicator vectors are denoted by 1y, and
lw,, fori =1,...,¢, respectively. We say that a matrix T preserves the coarsest eq-
uitable partitions of G and H if 1y, =T -1y, and T*-1y, =1y, fori =1,...,£. We
note that this condition is weaker than the compatibility notion used before (see the
proof of Lemma 7.1 were we verified the preservation of the coarsest common equi-
table partitions for matrices that are compatible with the common coarsest equitable
partition).

Lemma 8.1 Let G and H be two graphs of the same order which have a common
equitable partition. Let ML(L) be a matrix query language such that ML(L)-vectors
are constant on equitable partitions. Let T be a matrix which preserves the coarsest
equitable partitions of G and H. Let e;(X) and e,(X) be expressions in ML(L)
which evaluate to vectors. Then, if e;(Ag) and e, (Ay) are T-similar, and e,(Ag)
and e;(Ag) are T-similar, then also e1(Ag) Oye2(Ag) and e, (Ay)Oyes(Ay) are
T -similar.

Proof The proof is similar to the proof of Lemma 7.1. Let e;(X) and e»(X) be
two expressions in ML(L). Consider now e'(X):=e,(X)®,e(X). We distinguish
between three cases, depending on the dimensions of e(Ag). First, if e(Ag) is a
sentence then we know by induction that e;(Ag)=¢e;(Ag) and e;(Ag) =e2(Ag).
Hence,

e'(Ag) =e1(Ag)Over(Ag) =e1(Ag)-ex(Ac)
=e(An)-ex(Ag)=e1(Ag)Oper(Ag)=e'(Ap).
Next, if e;(Ag) and e;(Ag) are (column) vectors, then we know that e;(Ag)=
T-e,(Ag) and e;(Ag) =T -e,(Ag). We argued in the proof of Lemma 7.1 that
when 1y, =T -1y, holds fori =1, ..., £, then since vectors are constant on equitable
partitions, e;(Ag) = Zle aixly, = Zle a;x(T-1w,)=T-e1(Ap) and e(Ag) =
S bixy, =Y bix(T -1w,) =T -e,(A). We may now conclude that

£ £
¢'(Ag) =e1(Ag) Oves(Ag) = Y (a;xbi)x Ly, = Y (a;xbhi)x (T -1,

i=1 i=1

14
=T- () (aixb)x1w)) =T (e1(An) Oves(An) =T ¢ (An).

i=1
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Hence, ¢’(Ag) and e’(Agy) are indeed T -similar. The case when e;(Ag) and e;(Ag)
are row vectors is treated similarly, using that 7't 1y, =1y, fori=1,... L. O

We can now state a characterisation of ML(-,tr,1,1%, ®,)-equivalence.

Theorem 8.1 Let G and H be two graphs of the same order. Then, G =mL(. tr,1,1t,0,)
H if and only if there exists an orthogonal matrix O which preserves the coarsest
equitable partitions of G and H and such that Ag-O =0 -Ag.

Proof To show that the existence of a matrix O, as stated in the Theorem, implies
G =ML(., 1,1t diag) H , We argue as before. More precisely, we show that O-similarity
is preserved by the operations in ML(-, tr,1,1%, ®,). This is, however, a direct conse-
quence of Lemmas 5.1,5.2, 6.1 and 8.1. We remark that Proposition 8.3 guarantees that
Lemma 8.1 can be applied. Indeed, Proposition 8.3 implies that ML(-, tr,1,1%, ©,)-
vectors are constant on equitable partitions. Furthermore, since 1y, = O -1y, for all

i=1,....4,and 1= Zle 1y, = Zle Ly, , we have that 1 = O - 1. Hence, O is doubly
quasi-stochastic and Lemma 6.1 applies.

We may thus conclude that all expressions in ML(-, tr,1,1%, ®,) preserve O-
similarity. Hence, e(Ag) =e(Ag) for any sentence e(X) in ML(-, tr,1,1%, ®,).

For the converse direction, we need to show that G =my(.,tr,1,1t,0,) H implies
that there exists an orthogonal matrix O such that Ag-O =0-Ap, and where O
preserves the coarsest equitable partitions of G and H . This can be shown, just like in
the proof of Theorem 7.2, by means trace conditions. In particular, we impose trace
conditions such that O satisfies Ag-O=0-Ay and (1y,-1},)- 0 = O - (1, - 1j,),
for i =1,...,£. These conditions replace conditions (7.3) and (7.4) in the proof of
Theorem 7.2. We show in the appendix that this indeed implies that O preserves the
coarsest equitable partitions of G and H. As observed in the proof of Theorem 7.2,
the trace conditions e,, (X) use expressions eqpart; (X) (from the proof of Proposi-
tion 7.2 and revised in the proof of Proposition 8.2) which use addition and scalar
multiplication. We again observe that addition and linear combination are not needed.
Indeed, G =mL(. tr,1,1t,0,) H implies that e,,(Ag) = e, (Ax) because of the linearity
of operations in ML(-,tr,1,1%, ®,). O

As it turns out, ML(-, tr, 1, 1%, ®,)-equivalence precisely captures co-spectral and
fractional isomorphic graphs.

Proposition 8.4 Let G and H be graphs of the same order. Then, G =mL (. tr,1,1t,0,) H
if and only if G and H are co-spectral and have a common equitable partition.

Proof If G =mL(. tr1.1t,0,) H, then G and H must have a common equitable partition
by Proposition 8.2. Furthermore, we know Proposition 5.1 and Theorem 5.2, that G
and H must also be co-spectral. For the converse, we explicitly construct an orthogonal
matrix O such that Ag-O = 0-Ap and O preserves the coarsest equitable partitions
of G and H. Then, Theorem 8.1 implies that G =m(.,tr,1,1t,0,) H holds.

‘We next construct the matrix O. Let G be of order n and denote by 1y,,...,1y,
the indicator vectors of G’s coarsest equitable partition. It is known that, for such
indicator vectors, the subspace Ug =span(1y,...,1;) of ” is an Ag-invariant sub-
space (see e.g., Lemma 5.2 in [14]). In other words, for any veUg, Ag-veUs.
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Furthermore, since A¢ is a symmetric matrix, also the orthogonal complement sub-
space Ué is Ag-invariant (see e.g., Theorem 36 in [47]). Here, U(J;- consists of all
vectors v’ in " that are orthogonal to any vector v € Ug, i.e., such v*-v’ =0 holds.
Let us interpret Ag as the linear operator TG :"—":v+> Ag-v. This is a diago-
nalizable operator (because A¢ is symmetric) and it is known that the restrictions
Ts|u, and TG|Ué are also diagonalizable operators (because of the invariance of
these two subspaces (see e.g., Corollary 15.9 in [33])). This implies that there ex-
ists eigenvectors vy,...,ve,v,...,v,_, of Ag such that Ug =span(vy,...,v¢) and
Ué =span(v;,...,v,_,). Furthermore, if we denote by Pg the matrix with columns
1y,,...,1y,, then Ag- Pg = Pg - C with C the £ x{-matrix such that C;; = deg(v, V)
forveV; (see e.g., Lemma 6.1 in [14]). Also C;; is diagonalizable (this follows from
the fact that the characteristic polynomial of C divides that of Ag (see e.g., Theo-
rem 6.2 in [14]) and hence there exists £ linearly independent eigenvectors ¢y, ..., ¢y
of C. It is known that v; = Pg -¢;, for i =1,...,£, are independent eigenvectors of
Ag. More precisely, if C -¢; =A; xc¢; then Ag-(Pg-c;) =A; x(Pg-c;). We may thus
assume that Ug is spanned by Pg-cy,..., Pg-cq.

The reasoning above also holds for A g, i.e., there are eigenvectors wy, ..., wg, w7,
...,w,_, of Ay such that Uy =span(wy,...,w,) and U,# =span(wy,...,w,_,). Im-
portant to observe here is that since G and H have a common equitable partition,
Apg- Py =Py -C, where Py is now the matrix with columns 1y, ,...,1y, and C
is the same £ x £-matrix as used above. We may thus assume that Uy is spanned by
Py -cq,..., Pg-c and furthermore, Pg-c; and Pp -c; are eigenvectors of Ag and
Ay, respectively, both belonging to the same eigenvalue A; of C.

We next use that G and H are co-spectral. The argument above, combined with co-
spectrality, implies that the (multiset) of eigenvalues corresponding to the eigenvectors
spanning Ug and Uy are the same. This implies in turn, by co-spectrality, that we
may also assume that Ag-v; =2A;xv; and Ay -w;=A; xw}, for i =1,...,n—¢, for
some eigenvalues A; of Ag (and Ag). A final observation is that Ug and Uy are
also spanned by 1y,,...,1y, and 1y,,...,1,, respectively. This implies, that the
eigenvectors spanning Uz and Uj are necessarily orthogonal to these indicator
vectors.

We define O as the matrix Og - O}{, where Og is the orthonormal matrix consisting

of vectors %]lv1 e, iﬂw ,V},...,v,_, and Oy is the orthonormal matrix consisting

of vectors %le1 s ile’ wy,...,w,_,, wheren; =|V;| =|W;| and were we assume
the eigenvectors v; and w; to be normalized. As a consequence, O is clearly an
orthogonal matrix and thus O-O'=1 = O*- O holds. In view of the construction of

the eigenvectors, we have the following more simple expression for O:

14 n—Lt
O=Z(%x(]lvj -]ltW/_))+Zv}-(w;-)t.

j=1 j=1
We verify the required conditions. To begin with, we note that O-1y, =1y,, for
i=1,...,£. Indeed, this follows from the fact that ]l%,V/, -1, is zero when i # j and
is |W;|=n; when i = j. Moreover, (w})t'IlW,. =0 because of w/ eUg, forall j =
1,...,n—£. Similarly, ILE,I, 0= IL%,I,, for i =1,...,£. Hence, O indeed preserves the
coarsest equitable partitions of G and H. It remains to verify that Ag-O=0-Ap.
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We verify this for both terms in the above expression for O. Since v; and w; are
eigenvectors of Ag and Ay, respectively, belong to the same eigenvalue A;, we have
for the second term:

n—~t n—{ n—t
Ao (v w))) = 3o g+ ()t = 32, %05 (w))
j=1 j=1 j=1

n—L{ n—¢
= vt = (v w)*) An
Jj=1 Jj=1
For the first term in the expression for O, we consider the matrices
‘o Lty
Bg =AG‘(Z ;X(EV; ‘]ltW,.)) =ZZ(;xdeg(vi, V) x 1y, -13,)
i=1"/ i=1j=1 !
‘o t Loy
B =( —x]l.-]lt_)-A = — xdeg(w;, W;))x(1y, - 1%, ),
= (<t A = L3 (e W)y )
for some (arbitrary) vertices v; € V; and w; € W;. We here used that the indicator
vectors represent equitable partitions. We now look at the entries in the matrices Bg
and By . We first observe that J = Zf,j:l 1y, ]lth Hence, for each p,q €{l,...,n}
we can define f(p) and f(g) as the unique indexes of indicator vectors 1y, and
1w, such that they hold value 1 at position p and g, respectively. Then,

1
(BG)p.q= xdeg(vs(p). Vi) = xdeg(ws(p), W) = (Br) p.g-
s nfp)
because the indicator vectors represent common equitable partitions. Hence, we may
indeed conclude that Ag-O=0-Ag. O

Example 8.2 We already mentioned that the graphs Gg (@) and Hg (H) are
co-spectral and have a common equitable partition. Proposition 8.4 implies that
Ge6 =ML(-tr,1.1t,0,) He, as anticipated. O

We conclude by mentioning that we can extend ML(-,tr,1,1%, ®,) with +, X,
*, and pointwise function applications on scalars, without increasing the distinguish-
ing power of the fragments. This can be shown in precisely the same way as for
ML(:,tr,1,diag). Indeed, we have just seen that G =mi(. tr,1,1t,0,) H implies that
Ag - O = 0- Ay for some orthogonal matrix O which preserves the coarsest equitable
partitions of G and H. Then, also Ay - O*=0"-Ag where O* is again orthogonal
and also preserves the coarsest equitable partitions of G and H. It now suffices to
observe that all operations in ML(-,*,tr,1,1%, ©,,+, X, apply.[ f], f € ) preserve
O-similarity and O*-similarity. An inspection of the proof of Proposition 7.5 shows
that we can replace the compatibility assumption of O by the preservation of equitable
partition condition when using ©, instead of diag(-). Hence, also pointwise function
applications on vector preserve O and O*-similarity and do not add expressive power
when included in ML(-,tr, 1,1, ®,).

Asaconsequence, ML(-,tr,1,1%, ®,)-equivalence and ML(-,*, tr, 1, ®,)-equiva-
lence coincide (we note that we here replace 1°(-) with *). Hence, ML(-,tr,1,1%,®,)-
equivalence implies ML(-,*,1, ®,)-equivalence, since the latter is a smaller fragment
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than ML(-,*,tr,1,®,). Proposition 8.1 then implies that ML(-,tr,1,1%,®,) also
implies ML(-,*,1,diag)-equivalence. The reverse implication does not hold. Indeed,

we have already seen that G, (O) and H3 (@) are two fractionally isomorphic graphs

that are not co-spectral. So, these graphs can be distinguished by ML(-,tr, 1,1, ®,)
but not by ML(-,*,1,diag).

9 The impact of pointwise functions on matrices

The final operation that we consider is pointwise function applications on matrices.
In particular, we start by considering the Schur-Hadamard product, which we de-
note by the binary operator ©, i.e., (A® B);; = A;; B;; for matrices A and B. We
show that once two graphs are equivalent with regards to sentences in ML(-,*, tr, 1,
diag, ©®), then they will be equivalent with regards to sentences in ML(-,*, tr, 1,
diag,apply[f], f €2) for any pointwise function application apply[f], be it on
scalars, vector or matrices. The latter fragment corresponds to MATLANG, as in-
troduced by Brijder et al. [10] and described in Section 3. From the work by Brijder
et al. [10] it implicitly follows that C*-equivalence implies MATLANG-equivalence.
The main result established in this section is that converse implication also holds. That
is, MATLANG-equivalence coincides with C3-equivalence. We first illustrate the ad-
ditional power that the Schur-Hadamard product provides by means of an example.

Example 9.1 We recall that in expression #3degr(X) in Example 7.1, products of
diagonal matrices resulted in the ability to zoom in on vertices that carry specific
degree information. When diagonal matrices are concerned, the product of matrices
coincides with pointwise multiplication of the vectors on the diagonals. Allowing
pointwise multiplication on matrices has the same effect, but now on edges in graphs.
As an example, suppose that we want to count the number of “triangle paths” in G,
i.e., paths (vo,...,vx) of length k in G such that each edge (v;—1,v;) on the path is
part of a triangle. This can be done by expression
# Apaths (X) :=1(X)*- ((apply[ /=0l (X* © X))* - 1(X),

where fio(x)=1if x#0 and f.,(x)=0 otherwise*. Indeed, when evaluated on
adjacency matrix Ag, A5 © Ag extracts from AZ only those entries corresponding to
paths (u,v,w) of length 2 such that (4, w) is an edge as well, i.e., it identifies edges
involved in triangles in G. Then, apply[ f~o](4% © Ag) sets all non-zero entries to 1.
By considering the kth power of this matrix and summing up all its entries, the number
of triangle paths of length k is obtained. It can be verified that for graphs G5 (%)

and Hs (%), #Apaths,(Ag,) =[160] #[132] = # Apaths, (A g,) and hence, they
can be distinguished when the Schur-Hadamard product is available. Recall that all
previous fragments could not distinguish between these two graphs. O

In fact, we will use the Schur-Hadamard product to compute stable edge partitions
of graphs, obtained as the result of the edge colouring algorithm by Weisfeiler-

4 The use of apply[ f>o0](-) is just for convenience. Its application inside sentences can be simulated
with operators in ML(-,*, tr, 1,diag, ®) when evaluated on given adjacency matrices.
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Algorithm 2: Computing the stable edge colouring based on algorithm 2-StAB [7].

Input : A graph G=(V, E) of order n.
Output : Stable edge colouring y: ¥V xV —C.

1 Let x:=xo;

2 Let C:={0,1,2};

3 repeat

4 for (vi,v2) €V xV do

5 L Compute L2(vy,v5) relative to x;

6 Replace C by a minimal set of new colours C’ and define x’:V xV — C’ such that
7 for pairs (vi,v2), (v],v5) in VXV do

8 | X (i,02) =) (v],05) & L2 (v1,02) =L2(v],v5)

9 LetC:=C’;

10 Let x:=yx/;

11 until |C| does not change;

Lehman [7,13,57,69]. Such partitions can be seen as a generalization of equitable
partitions, but now partitioning all pairs of vertices, rather than vertices. Then, similar
to the proof of Proposition 7.2, we show that when two graphs are indistinguishable by
sentences in ML(-,*,tr, 1, diag, ®), then they are indistinguishable by edge colouring.
It is known from the seminal paper by Cai, Fiirer and Immerman [13], that this is
equivalent to C3-equivalence. We next detail these notions.

9.1 Stable edge partitions

The stable edge partition of a graph G = (V, E) arises as the result of applying the
edge colouring algorithm by Weisfeiler-Lehman [7,13,57,69], also known as the
2-dimensional Weisfeiler-Lehman algorithm, on G. In Algorithm 2 we provide the
pseudo-code of the algorithm 2-STAB, taken from Bastert [7], which implements edge
colouring. In a nutshell, the algorithm starts by assigning every vertex pair a colour,
and then revises colourings iteratively based on some structural information. When
no revision of the colouring occurs, the colouring has stabilized, the algorithm stops
and returns the stable colouring. Colourings naturally induce partitions of V' xV, by
simply grouping together vertex pairs with the same colour. The stable edge partition
of G is the partition induced by the stable colouring returned by 2-STAB. The algorithm
2-STAB needs at most 72 iterations when evaluated on a graph of order 7.

More precisely, an (edge) colouring y assigns a colour to each vertex pair in
V%V, ie., if we denote by C a set of colours, it is a function y:V xV — C. The
partition of V' xV induced by y is denoted by I1,(G) and will be represented by
indicator matrices, one for each colour ¢ € C. More precisely, for a colour c € C, we
denote by E. the nxn-matrix such that for vy, v, €V, (E.)y, 0, =1 if x(v1,v2)=c
and (E.)y, v, =0, otherwise. Hence, I, (G) is represented by the indicator matrices
E. forceC.

Algorithm 2-STAB starts (on lines 1 and 2) with an initial colouring yo:V XV —
{0,1,2} encoding adjacency, non-adjacency and loop information. More precisely,
for vertices v,weV, xo(v,v)=2, yo(v,w)=1if (v,w)e€E, and yo(v,w)=0 for
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v#w and (v,w) & E. Then, 2-STAB adjusts the current colouring in each iteration, as
follows.

Suppose that the current colouring is y : V x V' — C. Given this colouring, for each
pair of vertices vy, v, €V, the so-called structure list L>(vy,v,) is computed (lines 4
and 5). To define these lists, the structure constants are needed, which are defined as

o, = Hvs eV [ x(wi,vs) =c, x(vs,v2) =d}],
for colours ¢ and d in C and vertices v; and v, in V. These numbers count the
number of triangles>, based on (vy,v,) whose other two pairs (vy,v3) and (v3,v;)
have prescribed colours ¢ and d, respectively. Then, in a structure list we simply
gather all these constants for a specific vertex pair. That is,

L2(v1,v2)i={(c.d. pi,) | P, #0)-
Based on this information, 2-STAB will assign new colours to pairs of vertices (lines 6—
8). More precisely, C is replaced by a minimal set of colours C’ such that each unique
L2(v;, v,) corresponds precisely to a single colour ¢’ in C’. Hence, the new colouring
XV xV —C’ will assign (v}, v}) the colour ¢’, corresponding to L?(vy,v,), when
L2(vy,v2) =L2 (v}, v}). It is easily verified that the partition IT,/(G) is a refinement
of I1,(G), which in turn is a refinement of I, (G).

Algorithm 2-STAB now replaces y by y’ and C by C’ (lines 9 and 10), and repeats
this process until the number of colours remains fixed (line 11). In other words, the
corresponding partition is not further refined. The algorithm returns the final (stable)
colouring.

The stable edge partition of G, denoted by I1(G), is now the partition induced
by this stable colouring. It is known that IT(G) is the unique coarsest partition of
V xV which refines I1,,(G) and corresponding to a colouring satisfying the stability
condition stated on lines 7 and 8 in Algorithm 2.

Two graphs G =(V,E) and H = (W, F) of the same order are now said to be
indistinguishable by edge colouring, denoted by G = H , if the stable edge partitions
I1(G) and T1(H ) of G and H, respectively, are (i) of the form I1(G) ={E,,...., E.,}
and [T1(H)={F,,,..., F,,}, that is, the parts in the partitions correspond to the same
colour; and (ii) the corresponding parts in these partitions have the same size, that is,
E.; and F, have the same number of entries carrying the value 1.

In the seminal paper by Cai, Fiirer and Immerman [ 13], the connection with logical
indistinguishability was made.

Theorem 9.1 Let G and H be two graphs of the same order. Then, G =w H if and
onlyif G=cs H. O

In this section, we complement this correspondence by relating C3-equivalence
to MATLANG-equivalence. More precisely, we show that G =¢s H if and only if
G =maTLanG H. In fact, equivalence with regards to sentences in ML(-,*, tr, 1,
diag, ©®) already suffices. We first show that ML(-,*, tr,1,diag, ®)-equivalence im-
plies indistinguishability by edge colouring.

5 With a triangle one simply means a triple (vi,v2), (vi,v3) and (v2,v3) of vertex pairs, none of which
has to be an edge in G.
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Proposition 9.1 Let G and H be graphs of the same order. Then, G =mL(. *,tr,1,diag,0)
H implies that G =y H.

Proof We first show that ML(-,*,tr,1,diag, 4+, X, ®), where we added addition and
scalar multiplication to ML(-,*, tr,1,diag, ®), has sufficient power to compute the
stable edge partition I1(G) of a given graph G. We then construct sentences in
ML(-,*,tr,1,diag, +, X, ®) such that when G and H agree on these sentences, then
G and H must be indistinguishable by edge colouring. Finally, we show that we can
eliminate addition and scalar multiplication.

The overall proof is similar to the proof of Proposition 7.2, but using indicator
matrices (representing the edge partitions) instead of indicator vectors (which repre-
sented the vertex partitions), and by relying on the algorithm 2-STAB to compute the
stable edge partition of a graph.

Given G, let II(G)={E,,,..., E.,} be its stable edge partition. We show that
we can construct expressions stabcol,, (X) in ML(-,*,tr,1,diag, 4, x, ©®), such that
E,., =stabcol,, (Ag), fori=1,..., 4.

The initialization step of 2-STAB is easy to simulate in ML(-, *,tr, 1,diag, +, X, ©).
Indeed, we simply consider expressions sta bcolg)) (X):=diag(1(X));sta bcol(lo) (X):=
X; and stabcol(()o) (X):=1(X)-(1(X))*—X —diag(1(X)). Then, the indicator matri-
ces stabcolf)o) (Ag), stabcolgo) (Ag), and stabcolgo) (Ag) represent the initial partition
I1,,(G)={Eo, E1, E,} corresponding to the initial colouring y,.

Suppose now that after iteration i, the current set of colours is C and the colour-
ingis y:V xV — C. Assume, by induction, that we have expressions sta bcolg) (X)in
ML(-,*,tr,1,diag, +, X, ®), one for each ¢ € C, such that stabcolg)(AG) is an indica-
tor matrix representing the part in the edge partition I1,(G), induced by y, for colour
c. Given these, we next construct expressions for the refined partition computed by
2-STAB in the next iteration.

First, for each pair of colours (c,d) in C, we consider the expression

PUIY(X):=stabcol” (X)-stabcol§ (X).
On input Ag, it is readily verified that Pc(i; (Ag) is amatrix whose entry corresponding
to vertices v; and v, holds the value p; fvz. Let 730(':;1) be the set of numbers occurring
in Pc(f; b (Ag). For each Val_ue p in Pc('jl), we now extract an indicator matrix
indicating the positions in P“7"(4¢) that hold value p.

This can be done using an expression mdi’:; p) (X) which works in a similar way as

#3deg(X) in Example 7.1, but uses the Schur-Hadamard product instead of products
of diagonal matrices. The following example illustrates the underlying idea (see also
the Schur-Wielandt Principle [58] mentioned before).

203
Example 9.2 Consider P, 4 =|13 2| with P, ; ={0,1,2,3}. Suppose that we want
023
to find all entries holding value 3. This can be computed, as follows:
001 1 203 203 111 203 222

010]==x{[|I32]|Oo|132]—-(|111]]|O}]|132]-(|222 ,
001 6 023 023 111 023 222
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Where 3(31—)(32) , just as in Example 7.1. O

More generally, to identify positions that hold a specific value in Pc(f; 1)(AG), we
consider the expression |nd(’“) (X) defined by

(n 1 ) O (PLX)=p'x1X)-(1(X)").

!
p'ePITY ptp A(p=p) PEPIRD potpy

It should be clear from Example 9.2 that |nd('+1)(AG) indeed results in the desired

d(l+l)

indicator matrix. We note that the expression ind_ ;

P(l+1)

(X) depends on the values in

and hence also depends on Ag.

Let C’ be the new set of colours assigned by 2-Stab(G ) during the current iteration.
As mentioned earlier, each colour ¢ in C’ is in correspondence with L2(vy,v,) for
some vertices v; and v,. Let us pick a colour ¢ in C’ and assume that it corresponds
to L2(vy,v2) ={(c1.d2. p581), ... (cs.dy. p5i%s)}. We next use indi";’lg (X) and the
Schur-Hadamard product to 1dent1fy all vertex pairs that are assigned colour c, as
follows:

i+1 @i+1) @i+1)
stabcol TV (X):= |nd ! g (X)©---0ind Z,ds,pﬁi',i’,; (X).
In other words, we use the Schur—Hadamard product to simulate the “conjunction”

of the binary matrices representing the vertex pairs (vy,v,) having non-zero pyi ‘,flz ,

vy .vn

for i =1,...,s. It is now easily verified that, on input Ag, sta bco|§i+1)(AG) returns
an indicator matrix in which the entries holding a 1 correspond precisely to the
pairs (v}, v) €V xV such that L*(v},v,) =L*(vy,v,) where L*(vy,v,) corresponds
to colour c. In other words, stabcolg“)(AG) represents the refined edge partition
corresponding to the part associated with colour ¢. We do this for every colour
in C’. Clearly, stabcolfH)(AG), for ¢ e C’, represent the refined partition I, (G)
corresponding to " : VxV —C’.

We continue in this way until the colouring stabilises. i.e., no further colours
are needed. We denote the final set of colours by C and by stabcol.(X), for c e
C, the ML(-,*,tr,1,diag, +, x,®) expression computing the parts E. in I1(G).
The correctness of these expressions follows from the previous arguments and the
correctness of the algorithm 2-STAB.

Just as in the proof of Proposition 7.2, the expressions stabcol.(X) depend on
Ag since we explicitly used the values occurring in Pc(,'; (Ag) and the colours as-
signed to vertex pairs during each iteration i of 2-STAB on G. Let I1(H) be stable
edge partition of H. We next show that G =m_(. * tr,1,+.x.0) H implies that IT1(H)
consists of stabcol.(Ag), for ¢ € C. Furthermore, we show that the number of ones
in stabcol.(A¢g) and stabcol.(Ay) agree for all c € C. Hence, G and H are indistin-
guishable by edge colouring.

The proofis by induction on the number of iterations of 2-STAB(G) and 2-STAB(H ).
We denote by )( % V—Cq 9 and )((’) WxWw —c¥ o the colouring used in the
ith iteration of 2-STAB(G) and 2-StaB(H ) respectlvely The induction hypothesis
is that G =mi(. * tr.1,+.x,0) H implies that C @ =Cy () — C® and furthermore that for
each ce C®, sta bcolg’)(A g) is an indicator matrix, and all stabcolg)(A n ) together
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constitute the edge partition IT X};)(H ). Moreover, we show that for each c€ C?,
stabcolff )(Ag) and stabcolg)(A g ) have the same number of ones. This clearly suf-

fices, for if this holds, stabcol.(Ag), for ¢ € C, constitute T1(G) and stabcol.(Ag)
and stabcol,. (A4 ) have the same number of ones, for all c € C.

We start by verifying the hypothesis for the base case, i.e., when i =0. Clearly,
1 and ¥ use the same colours C” = C Y = C© ={0,1,2}. By definition of the
expressions sta bcolgo) (X),allsta bcolgo) (Apg) together represent I1 X (H).Moreover,
by considering the sentences

#ones” (X):= (1(X))*-stabcol® (X)-1(X),

forc € C, G =mi(. tr.1.+ x.0) H implies that #ones'” (4¢) = #ones” (4 ;). Hence,
stabcolgo)(AG) and stabcolgo) (Ag) have the same number of ones, as desired.

Suppose, by induction, that G =ML(* tr1,+,%,0) H implies that )(g) VXV — Cg)
and y:WxW —C% with & =P =C®. Furthermore, the current edge parti-
tion Hx‘,ﬁ,’ (H) of H is represented by stabcolﬁ’)(AH), for ¢ € C®. Furthermore, for

each c € CY, the number of ones in sta bcolgi)(AH) and stabcolg)(AG) agree.

As before, let Pc(ijl) be the set of values occurring in Pc('; 1)(AG) and consider
the expressions indg;;,l; (X)forc,deCDand pe Pc(fjl). We show that indgizg (Ag)

is a binary matrix as well containing the same number of ones as indgjlz(AG). This

implies that each value pePC(f;l) occurs in Pc(fj' 1)(A g) and moreover, it occurs

the same number of times as in P;f;l)(AG). Hence, the set of values occurring in
Pc(fjl)(AH) is the same as those occurring in Pc(f;l)(AG).
To check that indi’;:;’lp) (Ap) is a binary matrix, we use the sentence
binary(X):=(1(X))*- (X 0X-X)O(XOX —X))-1(X).

This sentence will return [0], when given a real matrix as input, if and only if the
input matrix is a binary matrix. Indeed, for a binary matrix B, B® B = B and hence
B®B—B =Z,where Z is the zero matrix. Since Z® Z = Z, binary(B)=1'*-Z -1 =
[0]. For the converse, assume that binary(B)=[0]. We observe that each entry in
(BOB—-B)®(B®B—B) is non-negative value. Indeed, all entries are squares of
real numbers. Hence, when binary(B) = [0], the sum of all these squared entries must
be zero. This implies that B® B— B = Z. This in turn implies that B can only contain
0 or 1 as entries, since these are the only real values satisfying x*—x =0. Hence,
when G =pi(. * tr.1.+.x.0) H holds, then since all indg’}',lp)(AG), for ¢,d € CY and

pe PC(’JI), are binary matrices,

binary(ind(iﬂ)(A(;)) =[0]= binary(ind(iﬂ)(AH)).

c,d,p c,d,p

So indeed, indg’;’g (Ap) is a binary matrix as well.

The new colours in 2-STAB(G) are assigned based on the structure lists L2 (v, v).
We show that for every unique structure list L?(v;,v,) there is a pair of vertices
wy,w, in W such that L?(vy,v,) =L%(wy,w,). This implies that 2-STAB(H) will
use the same colours for refining )(g,) as 2-StaB(G) uses to refine )(g). Hence, the
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revised colourings )(gﬂ) VXV — Cg“) and )(Sflﬂ) WxW — Cl(fl) satisfy indeed
that ™V =y =D,

Consider a structure list L?(v;,v,) and assume that it corresponds to a new
colour c € Cg . We know that stabcol '™ (A) returns the indicator matrix in-
dicating which vertex pairs in V' x V' have this structure list (colour ¢). The expression
stabcolf *D(X) consists of the Schur-Hadamard product of indgj’lp) (X) for every

(c.d, p)in L2(vy,v,). We have shown above that indﬁlg (Ag) and indﬁi,;,llz (Ag) con-
tain the same number of ones, meaning that there are vertex pairs (w;, w,) e W xW
for which pﬁ;l"l’wz = p=pS*,, . Furthermore, in a similar way as above, we can show
that G =mL(.,* tr,1,+,x,0) H implies that stabcongrl)(AH) is a binary matrix which
consists of the same number of ones as stabcolgH)(AG). So, 2-StAaB(H ) needs the
same set of colours Cg 1 as 2-STAB(H) in the refinement phase. Hence, we can take
CYtY = cli*V =C(+V, By construction, stabcol’™")(A4y) and stabcol’ ™) (A)
do not have a common entry holding value 1, for each distinct pair of colours ¢,c’ €
C*+D_ We note that the number of entries holding value 1 in all sta bcolEiJrl)(A ")
combined sum up n2. Indeed, this holds for sta bcoIff“)(AG) and we have just shown
that sta bcolgﬂ) (A g ) consists of the same number of ones as sta bcolgﬂ) (Ag).Hence,
stabcolf“)(AH) also represent a partition of Wx W, i.e., ngﬁn (H), satisfying our
induction hypothesis.

To conclude the proof we observe that all operations used in the sentences in
ML(-,*,tr,1,+, X, ®) in the inductive argument are linear operations. We can there-
fore write all sentences as linear combinations of sentences in ML(-,*, tr, 1, diag, ©®).
Hence, when G =mL(. », tr,1,diag,0) /1 holds, then G and H will agree on all linear com-
bination of sentences in ML(-,*, tr,1,diag, ®). In other words, G =mL(. * tr.1,diag,0) H
implies that G and H are indistinguishable by edge colouring. O

We are now ready to show our main result.

Theorem 9.2 Let G and H be two graphs of the same order, then G =pmL(.,*,tr,1,diag,0)
H if and only if G =matLanG H if and only if G =cs H.

Proof We show that G =mL(. »,tr,1,diag,0) H{ implies G =¢3 H, and that G=cs H
implies G =yaTLang H. Since ML(-,*, tr,1,diag,®) is a smaller fragment than
MATLAN G, G =MATLANG H clearly implies G =ML(-,*,tr,1,diag,0) H.

We assume first that G =mL(.,*,tr,1,diag,0) 1 holds. Then, the previous proposition
implies that G =y, H . Combined with Theorem 9.1, this implies that G =¢3 H . Next,
we assume that G =c¢3 H holds. We show that this implies that G =yaTLang H. In
Proposition 4.2 in Brijder et al. [10] it was shown that for every sentence e(X) in
MATLANG there exists an equivalent formula ¢,(z) in the relational calculus with
aggregates which uses only three “base variables”. We will not recall the syntax of this
calculus formally (see [51] for a full definition) but only recall that in this calculus,
we have base variables and numerical variables. Base variables can be bound to base
columns of relations, and compared for equality. Numerical variables can be bound to
numerical columns, and can be equated to function applications and aggregates. The
free variable z in ¢, (z) is a numeric variable since a scalar is returned by e(X).
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We now make the connection between matrices, on which MATLANG expressions
are evaluated, and such typed relations, on which calculus expressions are evaluated.
More specifically, a matrix A is encoded as a ternary relation Rel(4) where two
base columns are reserved for the indices of the matrix and the numerical column
holds the value in each entry (vectors and scalars are represented analogously). It is
now understood that the equivalence of e(X) and ¢,(z) means that e(A4g) and the
evaluation of ¢, (z) on Rel(Ag ) results in the same scalar. Let c = e(A¢) € and consider
the calculus sentence v, := 3z ¢, (z) Az = ¢. Following the arguments in the proof of
Proposition 4.4. in [10], which in turn rely on standard translation techniques (see
e.g., [41,51]), one can show that 1, can be equivalently expressed by a sentence v, in
C2, [56], i.e., in infinitary counting logic with three distinct (untyped) variables over
binary relations. These binary relations encode graphs in a standard way by simply
storing the edge relation. It is known that G =¢3 H if and only if G =cs H [40].
By assumption G =cs H and hence G =3 H. This implies that ¥,(G)=v,(H)
since ¥, is a sentence in C2 . Hence, also ¥/, evaluates to true on both Rel(4g)
and Rel(Ag), and ¢.(z) returns the value ¢ on both Rel(Ag) and Rel(Ag). As a
consequence, also e(Ay) =c and e(Ag) =e(Ag). Since this argument works for any
MATLANG sentence e(X), we have that G =yaTianc H - O

We conclude by providing an algebraic characterisation of MATLANG-equivalence
based on an result by Dawar et al [23]. To state this result, we need the notion of co-
herent algebra (see e.g., [28]). The coherent algebra €(Ag) associated with Ag is the
smallest complex matrix algebra containing Ag, I, and J and which is closed under
the Schur-Hadamard product. Similarly for Ay . The algebras €(Ag) and €(Ay) are
said to be algebraically isomorphic if there is bijection 1:&(Ag) — €(Ay) which
is an algebra morphism which in addition satisfies: 1(J)=J, 1(4*)=(1(A))* and
1(AOB)=1(A)®1(B), for all matrices A, B € &(Ag).

Proposition 9.2 (Proposition 7 in Dawar et al. [23]) Let G and H be two graphs of
the same order. Then, G =c3 H if and only if there exists an algebraic isomorphism
1:C(Ag)—> C(Apy) such that 1(Ag)=1(Ag). O

This correspondence can be made a bit more precise and in line with our previous
characterizations.

Proposition 9.3 Let G and H be two graphs of the same order, then G =uatiane H
if and only if there exists an orthogonal matrix O such that E.-O =0 - F,, forceC,
where E. and F,, for c € C, constitute the stable edge partitions T1(G) and T1(H),
of G and H, respectively. (Here, C denotes the set of colours used by the colourings
that induce the partitions).

Proof We know from Proposition 9.1 that G =yatiang H implies that G =y
H. Moreover, we can compute I1(G) and I1(H) by means of the expressions
stabcol.(X) in MATLANG. Let C ={cy,...,c,} be the set of colours used in these
partitions. Just as in the proof of Theorem 7.2, we consider sentences e, (X):=
tr(w(stabcolcl (X),...,stabcoIcZ(X))) for some word w over £ variables. Then,
G =maTLang H implies that e, (Ag) =ey (Ag) for any such word w, and thus by
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the real version of Specht’s Theorem, there exists an orthogonal matrix O such that
stabcol.(Ag)-O = O -stabcol.(Ag) for all c € C, as desired. In the application of
Specht’s Theorem it is crucial that T1(G) and TT(H) are closed under transposition.
This known to hold (see e.g., [7]).

For the converse, suppose that there exists an orthogonal matrix O such that
E.-O=0-F,, for c € C. We note that this implies that Ag- O =0 Ap since Ag =
Y cep Ecand Ay =), p F. for some subset of colours D of C. This follows the
fact that the edge colouring algorithm refines the initial colouring, in which edges in
are coloured differently than non-edges. So, a color used for an edge in G can only be
used for an edge in H, and vice versa. Moreover, it is known that the binary matrices
in I1(G) and TT(H) form a basis for €(Ag) and €(Ap), respectively. This basis is
closed under the Shur-Hadamard product, among other things. If we now consider
1:€(Ag) > €(Ay): A O- A- O, then this is known to be an algebraic isomorphism
between €(Ag) and €(Ag) [28]. Hence, by Proposition 9.2, G =¢s H and thus also
G =maTtLang H by Theorem 9.2. O

Remark 9.1 The orthogonal matrix O in the statement of Proposition 9.3 can be
taken to be compatible with the common equitable partitions of G and H, just as
in Theorem 7.2. This follows from the fact that there is a subset K of colours such
that ] =) . x Ec =) ..k Fc [7]. Furthermore, the diagonal matrices E., for c € K,
correspond to diag(ly,) for the coarsest equitable partition V={V,|ce K} of G.
Similarly, for c € K, F, =diag(1w,), for the coarsest equitable partition W= {W, |
ceK}of H[T].

Remark 9.2 The proof of Proposition 9.3 relied on results by Brijder et al [10] and
Dawar et al [23] in which connections with C3-equivalence were made. We can
circumvent this by showing that O-similarity, for an orthogonal matrix O such
that E.-O =0 F, holds for each colour c € C, is preserved by all operations in
MATLANG, including arbitrary pointwise functions on matrices. We do not detail
this further in this paper, in order to keep the paper of reasonably length (the proof con-
sists of many case analyses in which all previous similarity preserving conditions need
to be verified in the context of stable edge partitions). The crucial ingredient in all this
is that one can verify that for any expression e(X) in MATLANG, such that e(Ag) re-
turns a matrix, we can write e(Ag) =) .ccac ¥ E. and e(Ag) =) ..c ac x F.. This
is generalization ML(L)-vectors being constant on equitable partitions, but now for
ML(£)-matrices being constant on stable edge partitions. The ability to rewrite e(Ag)
(and e(Ap)) in terms of the indicator matrices allows to show, e.g., that O-similarity
is preserved by the Schur-Hadamard product and, more generally, by any pointwise
function application on matrices.

10 Concluding remarks

We have characterised ML(L)-equivalence for undirected graphs and clearly iden-
tified what additional distinguishing power each of the operations has. That natural
characterisations can be obtained once more attests that MATLANG is an adequate
matrix language. We conclude with some avenues for further investigation.
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Although some of the results generalise to directed graphs (with asymmetric
adjacency matrices), an extension to the case when queries can have multiple inputs
seems do-able but challenging. The generalisation beyond graphs, i.e., for arbitrary
matrices, is wide open.

Of interest may also be to connect ML(L)-equivalence to fragments of first-order
logic (without counting). A possible line of attack could be to work over the boolean
semiring instead of over the complex numbers (see Grohe and Otto [36] for a similar
approach). More general semirings could open the way for modelling and querying
labeled graphs using matrix query languages.

We also note that MATLANG was extended in Brijder et al. [10] with an op-
erator inv that computes the inverse of a matrix, if it exists, and returns the zero
matrix otherwise. The extension, MATLANG +inv, was shown to be more expressive
than MATLANG. For example, connectedness of graphs can be checked by a single
sentence in MATLANG+inv. Of course, we here consider equivalence of graphs.
Even when considering a “classical” logic like FO?, the three-variable fragment of
first-order logic, G =¢o3 H implies that G is connected if and only if H is con-
nected. Translated to our setting, for any fragment ML(L) in which G =wmi () H
implies that the Laplacian diag(Ag-1)—Ag of G is co-spectral with the Laplacian
of diag(Ax -1)—Ag of H, G=wm(cy) H implies that G is connected if and only if
H is connected. It even implies that G and H must have the same number of con-
nected components, as this is determined by the multiplicity of the eigenvalue O of
the Laplacian [12].

Nevertheless, we can also consider equivalence of graphs relative to MATLANG +
inv. We observe, however, that the inverse of a matrix can be computed using + and
X, by the Cayley-Hamilton Theorem [5], given the coefficients of the characteristic
polynomial of the adjacency matrix. These coefficients can be computed using +, x
and tr. For fragments supporting -, +, x and tr, the operator inv thus does not add
distinguishing power. It is unclear what the impact is of inv for smaller fragments such
as ML(-,1) and ML(-,*,1,diag).

To relate our notion of equivalence more closely to the expressiveness questions
studied in Brijder et al. [10], it may be interesting to investigate notions of local-
ity of ML(L) expressions, as this underlies the inexpressibility of connectivity of
MATLANG [52]. It would be nice if this can be achieved in purely algebraic terms,
without relying on locality notions in logic.

Finally, MATLANG was also extended with an eigen operator which returns a
matrix whose columns consist of eigenvectors spanning the eigenspaces [10]. Since
the choice of eigenvectors is not unique, this results in a non-deterministic semantics.
We leave it for future work to study the equivalence of graphs relative to deterministic
fragments supporting the eigen operator, i.e., such that the result of expressions does
not depend on the eigenvectors returned. As a starting point one could, for example,
force determinism by considering a certain answer semantics. That is, if e(X) is an
expression using eigen(X), one can define cert(e(Ag)):=( ), e(Ag.V), where V
ranges over all bases of the eigenspaces. Distinguishability with regards to such a
certain answer semantics demands further investigation.
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Proof of Lemma 5.1

Lemma 5.1 Let Ag and Ap be two adjacency matrices of the same dimensions which are T -similar
for an arbitrary matrix T. Let e1(X) and e>(X) be two expressions in ML(L) for any L. If e; (Ag) and
e;(Ap) are T-similar, fori =1,2, then e1(Ag)-e2(Ag) is also T-similar to e; (A ) -e2(A ) (provided,
of course, that the multiplication is well-defined).

Proof To show this lemma, we distinguish between the following cases, depending on the dimensions of
e1(Ag) and e2(Ag) (or equivalently, the dimensions of e; (A ) and e2(A i )). Lete(X) :=e1 (X)-e2(X).
Let n be the order of G (and H).

(nxn,nxn): e;(Ag) and e2(Ag) are of dimension nxn. By assumption, e1(Ag)-T=T-e1(An)
and ex(Ag)-T =T -e2(Ag). Hence,

e(Ag) - T=ei1(Ag)-e2(AG) T=e1(AG) T-e2(An)=T-e1(An)-e2(An)=T e(Apn).
(mxn,nx1): e;(Ag) is of dimension nxn and e>(Ag) is of dimension nx1. By assumption,
el(Ag)~T=T~e1(AH) and ez(Ag)=T-e2(AH).Hence,
e(Ag)=ei1(Ag)-ex(Ag)=e1(4G) T -e2(An)=T-e1(An)-e2(An)=T e(An).

(mx1,1xn): e1(Ag)is of dimension n x 1 and e> (A ) is of dimension 1 x#n. By assumption, e; (Ag) =
T-e1(Apy) and e2(Ag) T =e>(Ap). Hence,

e(AG) T=e1(AG)-e2(AG) T =e1(AG)-e2(Ag)=T-e1(An)-e2(Au) =T e(Ax)).

(nx1,1x1):e;(Ag)is of dimensionn x 1 and e (A ) is of dimension 1x 1. By assumption, e; (Ag) =
T-e1(Ay) and e2(Ag)=e>(Ap). Hence,

e(Ag)=e1(Ag)-e2(Ag)=e1(Ac)-e2(An)=T-e1(An)-e2(Au)=T-e(An)).

(1xn,nxn): e;(Ag) is of dimension 1xn and e>(Ag) is of dimension nxn. By assumption,
e1(Ag) T=e1(Ay) and ex(Ag)-T =T -e2(Ag). Hence,

e(Ag)-T=e1(Ag)-e2(AG)-T=e1(An)-T-ex(An)=e1(Au)-ex(An)=e(Ax)).

(I1xn,nx1): e;(Ag) is of dimension 1xn and e>(Ag) is of dimension nx1. By assumption,
e1(Ag) - T=e(Ayg) and e2(Ag)=T -e2(Ap). Hence,

e(Ag)=ei1(Ag)-e2(Ag)=e1(AG) T -e2(An)=e1(An)-ex(An)=e(An).

(1x1,1xn): e; (Ag)is of dimension 1x1 and ez (A ) is of dimension 1 x 7. By assumption, e; (Ag) =
(3] (AH) and e2(Ag)-T=e2(AH). Hence,

e(AG) - T=e1(Ag)-e2(AG) T =e1(Ag)-e2(Au)=e1(Ag)-e2(An)=e(An).

(1x1,1x1): e1(A) and e> (A) are of dimension 1 x 1. By assumption, 1 (Ag) =ei1 (A ) ande2(Ag) =
e2(Ap). Hence, e(Ag)=e1(Ag)-e2(Ag)=e1(An)-e2(An)=e(An).

This concludes the proof. u]

Proof of Proposition 7.4

Proposition 7.4 ML(:,*,tr,1,diag,+, x,applys[ f1, f € Q)-vectors are constant on equitable partitions.
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Proof Let L# denote {-,*,tr,1,diag, +, x,applys[f1, f €Q}. Consider a graph G of order n with equi-
table partition V={V1,...,V¢}. Asbefore, let 1y ,..., 1y, be the corresponding indicator vectors. We will
show that for any expression e(X) € ML(L#) such that e(A¢) is an n x 1-vector, e(A) can be uniquely
written in the form Zf=1 a; X1y, for scalars a; €.

We show, by induction on the structure of expressions in ML(L£#), that the following properties hold;

(a) if e(Ag) returns an n xn-matrix, then for any pair i, j =1,...,£ there exists a scalars a;;,b;; € such
that

diag(1y,)-e(4g)-1y; =a;; X1y, and ]l%,j -e(Ag)-diag(1y,) =b;; x]ltVi

(b) if e(Ag) returns an n x 1-vector, then for any i =1,...,£, there exists a scalar a; € C such that

diag(ly,)-e(Ag)=a; x1y,.

Clearly, if (b) holds for every i =1,...,£, then, f. ¢:V — is indeed constant on each part in V. We
remark these properties can be seen as generalization of the known fact that the vector space spanned by
indicator vectors of an equitable partition of G is invariant under multiplication by A (See e.g., Lemma
5.2 in [14]). That is, for any linear combination v =Zf=, a; X1y, we have that A-v =Zf=1 bix1y;.In
our setting, (a) and (b) imply that e(A¢ ) - v is again a linear combination of indicator vectors, when e(A¢g)
returns an n xn-matrix. We next verify properties (a) and (b). We often use that I = Zf:] diag(1y;) and
1= Zf:l Ly;.

(base case) Let e(X):=X. The required property is simply a restatement of the being equitable. That is,

diag(ly,)-e(4g)-1y; =deg(v,V;)x1y;,

for an arbitrary vertex v € V;. So, we can take a;; =deg(v, V;). Similarly, because we A is a symmetric
matrix,
1}, -e(Ac)- diag(ly,) = (diag(lv,)-e(4c) 1v,)" = deg(v,V;) 1}, .

for an arbitrary vertex v € V;. So, we can take a;; =deg(v, V).

For condition (a) we only verify that diag(1y,)-e(AG)-1y; =a;; X1y, holds. The verification of
]ltV/_ -e(Ag)- diag(ly,) =b;; x1}, is entirely similar.
(multiplication) Let e(X):=e; (X)-e2(X). We distinguish between a number of cases, depending on the
dimensions of e; (Ag) and e (A ). We first check the cases when e(A ) returns an n xn-matrix and need
to show that property (a) holds.

- (nxn,nxn): e;(4g) and e2(A4g) are of dimension nxn. By induction, diag(ly;)-e1(4g)-1v; =
aijx1y, and
diag(ly,)-e2(4G)-1v; =b;; x1y;,.
Then, diag(1y,)-e(Ag)-1y, is equal to

4
diag(1y,)-e1(4g)-e2(Ag)-1y; = Y diag(ly,)-e1(Ac)- diag(Ly,)-e2(Ac) 1y,
k=1
14 4
= Z bkj x(diag(]lyi)-el (AG)']]-V;(): (Z bkj Xdik) X]]-V“ 5
k=1 k=1

as desired.
— (nx1,1xn):e;(Ag)is of dimensionn x 1 and e2 (A ) is of dimension 1 xx. By induction we have that
diag(ly,)-e1(Ag) =a; x1y, and diag(ly,)-(e2(Ag))t=b; x1y,. Hence, diag(ly,)-e(4g)-1y,

is equal to
diag(ly,)-e1(AG)-e2(AG)-1v; =a; x(Ly, -e2(4G)-1v,)
¢
= Z a; x(Ly, -e2(Ag)-diag(ly,)-1v;)
k=1
‘ t
= Z ai x(Ly; - (diag(Ly,) - (e2(46))") -1v,)
k=1

M-

(ai xbp)x(Ly,; -1}, -1y;)

k=1
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=(ai xb; x|Vi[)x1y,
as desired.
Here we used that Jl},k -1y is either 0, in case that k # j, or |V | in case that j =k.
‘We next check that condition (b) holds when e(A¢ ) returns an n x 1-vector.

— (nxn,nx1):e;(Ag)isof dimensionn xn and e; (4 ) is of dimension n x 1. By induction, we have that
diag(ly,)-e1(AG)-1y; =a;j x1y, and diag(1y,)-e2(Ag)=b; x1y,. Hence, diag(1ly,)-e(Ac) is
equal to

¢
diag(ly,)-e1(Ag)-e2(AG) =) diag(ly,)-e1(4c)- diag(ly,)-e2(Ag)

j=1

¢ ¢
= Z bjx(diag(ly,)-e1(4g)-1y;)= Z (aij xb;)x1y,,
Jj=1 Jj=1
as desired.
— (nx1,1x1): e;(Ag) is of dimension nx1 and e>(A¢) is of dimension 1x 1. By induction we have
that diag(lly,)-e1(Ac)=a; x1y, and e2(Ag) =b €. Hence,
diag(ly;)-e(Ag) =diag(ly,;)-e1(AG)-e2(Ac) = (a; xb) x1y;,

as desired.

(ones vector) e(X):=1(e;(X)). We only need to consider the case when e; (Ag) is an nxn-matrix or
n x 1-vector. In both cases, it suffices to observe that 1= Zle 1y,;. Indeed,

diag(]lV,.)-e(Ac;) =diag(]lv[ ) -1 =]]-V,- .

(conjugate transpose) e(X):=(e;(X))*. If e; (Ag) returns a 1xn-vector, then diag(Ly,)-(e; (Ag))t=
a; x1y,. Hence, diag(1y,)-e1(Ag)=a; x1y,. If e;(Ag) returns an nxn-matrix, then by induction,
lltvj el (A(;) . diag(ﬂ[/‘. ) =bl'j X]lg/i . HCHCC,

diag(ly,)-e(4G) 1y, = (]]-%/j -e1(Ag)-diag(ly,))* =b; x1y,,
as desired.
(diag operation) e(X) :=diag(e; (X)) where e; (Ag) is an n x 1-vector. By induction, diag(lly,)-e1 (4G) =
a; x1y,. Hence, in view of the linearity of the diagonal operation,

14
diag(1y,)-e(4g) -1y, = Y a; x(diag(1y,)- diag(Ly,)-1y,) =a; x1Ly,,
k=1

since diag(Ly, )-1y; is 1y, when k= j and the zero vector otherwise.
(addition) e(X):=e;(X)+e2(X). Clearly, when condition (a) or (b) hold for e; (Ag) and e2(Ag), they
remain to hold for e(A¢g).

(scalar multiplication) e(X) :=a xe; (X). Clearly, when condition (a) or (b) hold for e; (A ), they remain
to hold for e(A¢).

(trace) e(X):=tr(e; (X)). Such sub-expressions do not return matrices or vectors.

(pointwise function applications) e(X) :=apply [ f1(e1 (X),...,e, (X)) where each e; (X) is a sentence.
Again, such sub-expressions do not return matrices or vectors. u}

Continuation of the proof of Theorem 7.2

In the main body of the paper we showed that, by using sentences in ML(-,tr,1,1%,diag), one can express
trace identities which imply the existence of an orthogonal doubly quasi-stochastic matrix O such that
AG -0 =0-Ap,and in addition, such that O is compatible with the common coarsest equitable partitions
of G and H . Moreover, we sketched an argument indicating that the use of 1t(X) can be eliminated, and as
a consequence, ML(-,tr,1,diag)-equivalence suffices to guarantee the existence of the desired orthogonal
matrix. We now detail the elimination procedure. More precisely, we show

by induction on the structure of expressions e(X) in ML(-,tr,1,1t,diag), that

— If e(Ag) is an n xn-matrix, then e(X) =cx f(X) - 1(X) e (X)-18(X) - g(X);
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— Ife(Ag) is an nx 1-matrix, then e(X)=cx f(X) - 1(X) et (X);
— Ife(Ag) is a 1 xn-matrix, then e(X)=cxe(X)-1(X)-g(X); and
— Ife(Ag) is a 1 x1-matrix, then e(X) =c xe (X),

where c €, f(X) and g(X) are expressions in ML(-,tr,1,diag) and e (X) is an expression of the form
[T trki (x)),
ieK
with h; (X) expressions in ML(-,tr,1,diag), for each i € K. In the first case, 1(X)-e (X)-1%(X) is op-
tional. This happens when e(X) does not contain the 1t(-) operation. Furthermore, also f(X), g (X) and the
expressions ey (X) may be optional. Nevertheless, we can always assume them to be f(X)=diag(1(X)),
g(X)=diag(1(X)) and e, (X) = 1(tr(diag(1(X))). Indeed, these evaluate to the identity matrix and [1],
respectively, and hence do not have an effect on the evaluation. In the following we therefore always assume
f(X), g(X) and ey, (X) to be present. Similarly, we assume 1(X) e, (X)-1*(X) to be present when e(A4¢)
returns a matrix, except for the base case. It can easily be shown that the case analysis below carries through
when 1(X)-e,(X)-1%(X) may be absent. As already mentioned in the main body of the paper, the key
insight is that we can replace any sub-expression 1t(X)-e’(X)-1(X) by tr(diag(e’(X)-1(X)) and that
1t(X) only occurs in such sub-expressions in sentences in ML(-,tr, 1, 1%, diag).
(base case) e:= X. We have that e(X) = f(X) with f(X):= X, which is of the desired form.

(multiplication) e(X):=e;(X)-e2(X). We distinguish between the following cases, depending on the
dimensions of e; (A ) and e>(Ag).
- (nxn,nxn): e; (Ag) and e2(Ag) are of dimension nxn. By induction, e; (X)=c; x f1(X)-1(X)-
eV (X)-18(X)-g1(X) and ex(X) =ca % f2(X)-1(X)-ed (X)-18(X)-g2(X). This implies that
e(X)=(c1xe2)x fi(X)-1(X) ey’ (X)-11(X)-g1(X)- £2(X)-1(X) e (X)-18(X) - g2(X).
Because 1%(X)-g1(X)- f2(X)-1(X) is equivalent to ey (X):=tr(diag(g1(X)- f2(X)-1(X))), we
have
e(X)=(c1xe2)x fi(X)-1(X)-efy’ (X)-exr(X) €7 (X)-15(X) - g2(X),
which is of the desired form.

— (nxn,nx1): e; (Ag) is of dimension nxn and e; (A ) is of dimension nx 1. By induction, e; (X) =
e x f1(X)-1(X) el (X)-18(X)-g1(X) and e2(X) =c2 x f2(X)-1(X) e} (X). Hence,

e(X)=(c1xe2)x fi(X)- LX) et (X)-11(X)-g1(X)- f2(X)-1(X) e (X)
= (c1x¢2)x f1(X)-1(X) el (X)-ex(X) e (X),
where et (X):=tr(diag(g1 (X)- f2(X)-1(X))) and thus e(X) is equivalent again to an expression of
the desired form.
- (nx1,1xn): e;(Ag) is of dimension nx 1 and e>(A¢) is of dimension 1xn. By induction, e; (X) =
1 X f1(X)-1(X)-elP (X) and es(X) =caxel? (X)-14(X) - g2(X). Hence,
e(X)=(c1xe2)x fi(X)- LX) el (X)-ef (X)-1°(X) g2 (X),
which is of the desired form.
- (nx1,1x1): e;(Ag) is of dimension #x1 and e>(Ag) is of dimension 1x 1. By induction, e; (X) =
c1 X fi (X)-]l-eir”(X) and ex (X)=c» xet(rz)(X). Hence,
e(X)=(c1xe2)x fi(X)- LX) ey (X)-e (X),
which is already of the desired form.
— (Ixn,nxn): e; (Ag) is of dimension 1xn and e>(Ag) is of dimension n xn. By induction, e (X) =
c1xeP(X)-18(X)-g1(X) and ex(X)=cax f2(X)-1(X)-e2 (X)-18(X)-g2(X). As before, this
implies that

e(X)=(c1xc2)xel) (X)-14(X)-g1(X)- f2(X)-1L(X) e (X)-1H(X)-g2(X)
=(c1xc2)xe (X)-eer(X) e (X)-18(X)- g2(X),
where ey (X):=tr(diag(g1 (X)- f2(X)-L(X))).

— (Ixn,nx1): e;(Ag) is of dimension 1x#n and e>(A¢) is of dimension # x 1. By induction, e; (X) =
c1xeP(X)-18(X)-g1(X) and e2(X) =ca2 % fo(X)-1(X)-eP (X). Hence,

e(X)=(c1xc2)xe (X)-1H(X)-g1(X)- f2(X)-L(X) e (X).
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As before, let ey (X):=tr(diag(g1(X)- f2(X)-1(X))). Then,

e(X)=(c1xca)xefy) (X)-exr(X)-ef (X),
as desired.
— (I1x1,1xn): e;(Ag) is of dimension 1x 1 and e2(A¢) is of dimension 1xn. By induction, e; (X) =
c1 xet(r])(X) and e>(X)=c» xet(rz)(X)Jlt(X) -g2(X). Hence,
e(X)=(c1xex)xey (X) e (X)-18(X)-g2(X),
which is of the desired form.
— (1x1,1x1):e;(A) and e>(A) are of dimension 1x 1. By induction, e; (X) =c¢; Xet(r”(X) and ex(X) =
c2xe (X). Clearly, this implies that e(X) = (c; xc2) x e{ (X)-eZ (X) which is of the desired form.

(ones vector) e(X) :=1(e; (X)). If e; (A ) returns an n X n-matrix or zn x 1-vector, then e(X) is equivalent
to 1(X); if e; (Ag) returns a 1 xn-vector or 1x 1-matrix, then e(X) is equivalent to tr(1(e; (X))).

(transposed ones vector) e(X):=1%(e; (X)). If e; (A ) returns an n X n-matrix or n X 1-vector, then e(X)
is equivalent to tr(1(e; (X))); if e; (Ag) returns a 1xn-vector or 1x 1-matrix, then e(X) is equivalent to
1(X).
(trace) e(X):=tr(e; (X)). If e; (A¢) is a sentence, then e(X) =e; (X).

If e1 (Ag) is an n xn-matrix, then by induction, e (X) =cx f1(X)-1(X) et (X)-1%(X) - g1(X). We
observe that

tr(f1(X)-1(X)-1°(X) - g1 (X)) =11(X) - g1(X) - f1(X)- 1(X) =tr(diag(g1(X) - f1(X)-1(X))).
Hence,

e(X)=cxtr(diag(g1(X)- f1(X)-1(X)))-exr(X),

which is of the desired form.
(diagonalisation) e(X):=diag(e;(X)). Here, e;(X) can only be a 1x1-matrix or an nx1-vector. In
both cases, e; (X) is equivalent, by induction, to an expression in ML(-,tr,1,diag). Hence, also e(X) is
equivalent to an expression in this fragment. u]

Proof of Proposition 8.3

Proposition 8.3 ML(:,*,tr,1,0,,diag, +, x,applys[ f1, f € Q)-vectors are constant on equitable parti-
tions

Proof Given that we verified this property of all operations except for ®, in the proof of Proposition 7.4,
we only need to verify that ®,, can be added to the list of supported operations. We use the same induction
hypotheses as in the proof of Proposition 7.4 and verify that these hypotheses remain to hold for ©,:

(pointwise vector multiplication) e(X):=e(X)®,e2(X) where e;(X) and e»(X) return vectors. By
induction we have that diag(lly,)-e1 (Ag) =a; x1y, anddiag(lly,)-e2(Ag) =b; x 1Ly, . Asaconsequence,

diag(ly,)-e(Ag) =diag(ly;)-e1(AG)Over(Ac)=a; x(1y; Ove2(4g))

¢ [
3 i x(1y, Oy (diag(ly,)-e2(46) = Y (a; xb,;)x(Ly; Oy ly,)
j=1 j=1
(a; xb;)x1y,,

because 1y, Oy 1y;) is either 1y, wheni = j, or the zero vector when i # ;. ]

Continuation of the proof of Theorem 8.1

In the proof in the main body of the paper we left open the verification that (1y, ~]ltV[ )-0=0-(1y; - Jl%,V/_ ),
fori =1,...,¢, implies that O preserves the coarsest equitable partitions of G and H . In particular, we need
to verify that 1y, = O-1y,, for i =1,...,£. This can be easily shown, just as in the proof of Theorem 7.2
(based on Lemma 4 in Thiine [64]), in which we verified that J-O = O-J implies that 1=0-1.



2104

2105

2106

2107

2108

2109
2110
2111
2112

2113

2114

2115
2116
2117

2118

On the expressive power of linear algebra on graphs 53

First, we observe that (1y, -]1'§,l_)~0-]1W1. =1y, -(]1'§,l_ -0-1w,)=a; X1y, witha; =IL§,I_ -0 -1y, and
(Ly,-1},)-0-1w, = 0-(Lw; -1},) - 1w, = (Ljy, -1w;) x O - Ly, . Inother words, O - Ly, = Z—j x 1y, where
]ltW’, -1y, =|W;|=n;. Furthermore, because ]ltV’, -Ot-1yy, is a scalar, jltw; -0t-1y, =(]ltV’, -0-1y,)t=
]ltV,, -0 -1y, =a;. We next show that @ = £n;. Indeed, since O is an orthogonal matrix

(12

ni=1% 11y, =1, -0%-0 1w, =%x(]lt‘,[ 0% 1y)="I,
1 1

and thus a? =n? or a; ==%n;. Hence, O -1y, ==1y,. We note that 1=Y¢_, 1y, =y¢, Lw,. We
now argue that either 1y, =01y, for all i=1,...,¢, or =1y, =O0-1y; for all i=1,...,£. Indeed,
suppose that we have 1y, = O -1y, fori e K C{1,...,£} and =1y, = O -1y, fori eK={1,...,£3\K, for
some non-empty subset K of {1,...,£}. Then Y ;cx 1y, =O0-(X;cx 1w; ) and hence since ;¢ 1y, =
1-Yiexlv; and e g Tw; =13 ier Lw;»

1y, =0-() 1w,).

ieK ieK
This contradicts that —>_;c g 1y, =0+ (X;cz 1w; ). Hence, when 1y, =01y, for all i =1,...,£, O
satisfies the desired property already. Otherwise, when —1y, =O-1y; for all i=1,...,£, we simply
replace O by (—1)x O to obtain that O -1y, =1y, . This rescaling does not impact that Ag-O=0-Apy
and we can thus indeed conclude that O preserves the coarsest equitable partitions of G and H. u]



	Introduction
	Background
	Matrix query languages
	Expressive power of matrix query languages
	Expressive power of the matrix query language ML(.,tr)
	The impact of the 1(.) operation
	The impact of the diag(.) operation
	The impact of pointwise multiplication on vectors
	The impact of pointwise functions on matrices
	Concluding remarks

